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Abstract. In |S, KMS the semi-infinite wedge construction of level 1 U q (A^) 
Fock spaces and their decomposition into the tensor product of an irreducible 
U q ( An ^-module and a bosonic Fock space was given. Here a general scheme for 
the wedge construction of g-deformed Fock spaces using the theory of perfect 
crystals is presented. 

Let Uq(g) be a quantum affine algebra. Let V be a finite-dimensional U'(q)- 
module with a perfect crystal base of level I. Let V a g ~ V <g> C[z,z _1 ] be the 
affinization of V, with crystal base (L a g,B a g). The wedge space VaS A V a g is 
defined as the quotient of V a g <B> V a g by the subspace generated by the action of 
U q (o)[z a ® z b + z b (g) z a ] Qi 6 G z on v (£>v (v an extremal vector). The wedge space 
A r ^aff {r S N) is defined similarly. Normally ordered wedges are defined by 
using the energy function H : B a g ® B a g — > Z. Under certain assumptions, it is 
proved that normally ordered wedges form a base of f\ r V a g . 

A g-deformed Fock space is defined as the inductive limit of f\ r V a g as r — > oo, 
taken along the semi-infinite wedge associated to a ground state sequence. It is 
proved that normally ordered wedges form a base of the Fock space and that the 
Fock space has the structure of an integrable J7 g (g)-module. An action of the 
bosons, which commute with the [/^(g)-action, is given on the Fock space. It 
induces the decomposition of the g-deformed Fock space into the tensor product 
of an irreducible t/ 9 (g)-module and a bosonic Fock space. 

As examples, Fock spaces for types A^J, Bn \ A^_ x , D n x ^ and D^li at 

level 1 and A^ at level k are constructed. The commutation relations of the 
bosons in each of these cases are calculated, using two point functions of vertex 
operators. 
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1. Introduction 



Let g be an affine Lie algebra. The construction of integrable highest weight 
modules for g has been studied extensively for more than 15 years, with appli- 
cations to problems in mathematical physics like soliton equations and conformal 
field theories. More recently, a further item was added to the list of interactions 
between representation theory and integrable systems: the link between quantum 

JM ] and references therein) . 



sec 



affine algebras, U q (g), and solvable lattice models 

The link is twofold: (a) the R-matrices, which appear as the Boltzmann weights 
of solvable lattice models, are intertwiners of level £/q(g)-modules, and (b) the 
irreducible integrable highest weight modules for U q (g) appear as the spaces of the 
eigenvectors of the corner transfer matrices. This suggests a construction of inte- 
grable highest weight modules by means of semi-infinite tensor products of level 
modules. In fact, in the crystal limit, such a construction was given for a large class 
of representations known as the representations with perfect crystals |[KMN1|| . 

The idea of using Fock spaces of bosons or fermions goes back to earlier works 
before the above link was found. In fact, the literature is vast. Let us mention some 
of the works that are closely related to the present work. In | LW , [KKLW|| , bosonic 
Fock spaces were used to construct some level 1 highest weight modules of affine Lie 
algebras using the fact that the actions of the principal Heisenberg subalgebras are 
irreducible. In | |DJKM| ] the level 1 highest weight modules of gL^ were constructed 
in the fermionic Fock space. By the boson-fermion correspondence one has the 
action of bosons on the Fock space. The action of affine Lie algebras such as sl n , 
as subalgebras of gL^, was then realized as the commutant of bosons of degree 
divisible by n. Likewise, level 1 highest weight modules of other affine Lie algebras 
g were constructed by realizing g as a subalgebra of go^ (see also |jJ Y| ) or go 2oo . 



Under the influence of quantum groups, several developments were made further 
in this direction. A g-deformed construction of the fermion Fock space was achieved 
MM 



In 



this was connected to the crystal base theory of Kashiwara ||K1 



m [ 

These works and the developments in solvable lattice models led to the semi-infinite 
construction of affine crystals mentioned above. 

Very recently, in [^|], Stern gave a semi-infinite construction of the level 1 Fock 
spaces for U q (g) when g = sl n . Subsequently, in |[KMS|| , the decomposition of the 
Fock spaces into the level 1 irreducible highest weight modules and the bosonic 
Fock space, was given. In the present paper, we give a similar construction of Fock 
spaces and their decomposition, for various cases in the class of representations 
with perfect crystals. The case in [Q, [KMS| | corresponds to the perfect crystal of 
level 1 for AQ>. Here we treat 



level 



1 A {2) ftW 



and level k A{ 



(i) 



In order to handle these cases, we not only follow the basic strategy in [^|, |lil\lS 



but also develop some new machinery, where the R-matrix and crystal bases play 
an important role. 

In the following we recall the basic construction in [KM^ ] and compare it with 



the newer version developed in this paper, by taking the examples of level I A\ 



(i) 
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1.1. The kernel of R — 1. Let V be a finite-dimensional £/'(£j)-module, and 
V^ff = V © C[z, z -1 ] its affinization. The r-th g-wedge space is given by 

hv« = V%/N r , 

where 



r-2 



®(r- 2-i) 
aff 



i=0 

and the space iV is a certain subspace of © Kfr- Namely, the g- wedge space 
is defined as a quotient of the tensor product of Vgg modulo certain relations of 
nearest neighbour type. 

For the level 1 case, the space V is the 2-dimensional representation of 
U' g (sl 2 ), V = Qv © Qvi. In [g, [KMS|| , the action of the Hecke algebra generator T 
was given on Vgg © \4g, and the space iV was defined by 

iV = Ker(T+ 1). 

It was also noted that N = t/'(s[ 2 ) • ® ^q- m this paper, we define, in general, 
iV = U'(g)[z® z,z~ x ® z -1 ,z<g> 1 + 1® z] -v ® v, (1.1.1) 



where t> is an extremal vector in V^g- (see § |3.1| for the definition). For / = 1, any 
z n v i (n6Z,i = 0, 1) is extremal. For / = 2, we take 

V = Qv © Qui © Qw 2 . 

The extremal vectors are z u Vq and z n t>2 (n 6 Z), For Z = 1, in the g = 1 limit, the 
construction gives rise to ordinary wedges with anti-commutation relations 

z m Vi A z n v j + z n vj A z m Vi = 0. 

For I = 2, this is not the case, e.g. Vi A V\ ^ 0, even in the q = 1 limit. 

The definition (1.1.1) is appropriate for computational use. For theoretical use, 
we have the following equivalent definition 

N = Ker(R- 1). 

Here R is the R-matrix acting on Vgg © Vgs (strictly speaking, the image of R 
belongs to a certain completion of V a s © V a ff)- 
The R-matrix satisfies the Yang-Baxter equation 

R12R23R12 = R23R12R23, 

commutes with the {7 9 (fl)-action on V a g © Ks, satisfies 

R(z © 1) = (1 © z)R, R(l © z) = (z © 1)R, 

and is normalized as 

R(v © v) — v © v , 

where v is an extremal vector. 



1.2. Energy function and the normal ordering rules. In ||KMS|| , it was 
shown that the g-wedge relations give a normal ordering rule of products of vectors. 
Define u m (m 6 Z) by 

z n Vi = u 2n -i- (1-2.1) 

It was shown that the vectors 

u mi A • • • A u mr (mi < • ■ • < m r ) 

form a base of A r Kir- 

To describe the normal ordering rules in the general case, we use the energy 
function 

H:B a{{ ® B aS — > Z. 

The set B af[ is the crystal of Kfr- For each element b in B aS , we have a correspond- 
ing vector G(b) in V a ff. In this section we use the same symbol for b and G(b): 
e.g. a general element of B aS for the level 1 A± case and that of V a s are denoted 
by z n Vi. The energy function is such that 

R(G(h) ® G(6 2 )) = z^^G^) ® z- H ^® 62 )G(6 2 ) mod gL(Kfr) ® L(Kff), 

where L(V a g) is the free module generated by G(b) (b G B aS ) over A = f {/ 6 
/ is regular at g = 0}. 

ie, 

Brf = {A i ;m6Z ) i = 0,l ) 2} 



For the level 2 A^ 1 '' case, 



and 

H(z m Vi ® 2 n -Uj) = -m + n + /i^ 
where the (/iy)i l3 -=o,i,2 are given by 

j = 1 2 
z = / 



1 1 
V 2 10 



We show that the set of vectors 

G{pi) A ■ • • A G(b r ) 

such that 

H(bt ® > (z = l,...,r-l) (1.2.2) 

is a base of A r K,af- 

The vectors satisfying (1.2.2) are called normally ordered wedges. To show 
that the normally ordered wedges span the g-wedge space, we need to write down 
the basic g-wedge relations explicitly. This part of the work is technically much 
involved. We do it case by case. The generality in handling examples in this paper 
is narrower than that of [ [KMM 2[| because of this limitation. 
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In [ KMS ] the linear independence of the normally ordered wedges is proved by 
reduction to the q = 1 limit. Since the q = 1 result is not known for the general 
case, we prove the linear independence directly by using the Yang-Baxter equation 
for R and the crystal base theory. 



1.3. Fock representations. In [JKM!S |, the Fock spaces are constructed by means 
of an inductive limit of A r Vas- 111 the case of level 1 we take the sequence 
(u m ) m€ z as in (1.2.1). The Fock space T m is defined as the space spanned by the 
semi-infinite wedges 

Uj 1 A Uj 2 A Uj 3 A • ■ ■ 

such that jk = m + k — 1 for sufficiently large k. The action of t/^sk) on T m is 
defined by using the semi-infinite coproduct. It was shown that T m is the tensor 
product 

V(\ m )®C[H_]. 

Here V(X m ) is the irreducible highest weight representation with the highest weight 
A m , where 

mod 2; 

1 mod 2, 



A, 




and C[iif_] is the Fock space of the Heisenberg algebra generated by B n (n G Z\{0}) 
that acts on T m by 



k 



k=l 



To construct the Fock spaces in the general case, we use the construction of 
affine crystals developed in |[KMN1|| . We assume that V has a perfect crystal B of 
level /. Then we can choose a sequence b° m in B a s such that 

(c,e(b°J) = l, 
H(b° m ®b° m+1 ) = l 

(see subsection [D] for the definition of e{b) and (f(b)). In the case of level 2 , 
we have 

z k Vj if m is odd; 

k+l-i ■{ ■ (1.3. lj 

2 + J V2— i if m is even, 

for some fceZ and j G {0, 1, 2} independent of m. Then we shall define the Fock 
space certain quotient of the space spanned by the semi-infinite wedges 

G(h) A G(b 2 ) A G(b 3 ) A ■ • • 

such that b n = b'^ n+n _ 1 for sufficiently large n. In particular, the Fock space contains 
the highest weight vector 

\m) = G(b°J A G(b° m+1 ) A G(b° m+2 ) A • • ■ 
G 



with the highest weight 

A _ fjAi + (2-j)A if mis odd; 
I (2 — j)Ai + jA if m is even. 

The quotient is such that if 

H(b®b°J<0 

we require that 

G(b) A \m) = 0. 

Here is a significant difference between level 1 A\P and other cases. For the former 
if H(b ® b° m ) < then 

G(6)AG(6:)A-AG(6;,)=0 

for sufficiently large ml . But, this is not true in general. The correct statement is 
that for any n we can find m! such that the q- wedge Gib) A G{b° m ) A • • • A G{b° m ,) 
is a linear combination of normally ordered wedges whose coefficients are 0(q n ) at 
q = 0. Therefore, we need to impose the separability of the g-adic topology, taking 
the quotient by the closure of {0}. 

It is necessary to check that the action of U q (o) given by the semi-infinite co- 
product, is well-defined. A careful study of the q- wedges shows that 

A^ 2 \f t )\m) = G(/« A \m + 1), (1.3.2) 

where 

V 

A (oc/2) (/i) = E 1 ® • • • ® 1 ® /i ® *i ® *i ® • • • • 

n=l 

In the case in ||KMS|| , the action of A(°°/ 2 )(/j) on each vector in T m is such that 
only finitely many terms in the sum are different from 0. This is not true in general. 
For example, consider the case k — 1 and j — 1 in (1.3.1). We have f\vi = [2]t> 2 
([2] = q + g _1 ) and ti\m) = q\m). Therefore, we have 

A (oo/2) (/i)(wi A f i A f i A • ■ ■ ) = q[2)(v 2 Av 1 Av 1 A---) + g[2](vi A v 2 A «i A • • •) 

+ g[2](ui A«i Aw 2 A---) + • 

On the other hand, we have 

V\ A f 2 + g 2 t'2 A fi = 0, 

and hence 

A {oo/2) (A)(^i A «i A ■ • •) = v 2 A vx A vi A • • • , 

by summing up 

i + i-q 2 ) + i-q 2 ) 2 + ■■ ' 



l + g 2 
in the g-adic topology. 

In general, based on (1.3.2) we can show the well-definedness of the ?7 g (g)-action. 
The decomposition of the g-Fock spaces into the irreducible ?7 g (g)-modules and 
the bosonic Fock space goes the same as the level 1 case. We carry out the 
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computation of the exact commutation relations of the bosons in each case, by 
reducing it to the commutation relations of vertex operators. 

The plan of this paper is as follows. We list the notations in section 2. We 
define the finite g-wedges in section 3 and prove that the normally ordered wedges 
form a base. In section 4, we define the g-Fock space and the actions of U q (o) and 
the Heisenberg algebra. We give level 1 examples in section 5 for which we check 
the conditions assumed in section 3. We compute the level 1 two point functions 
in section 6 in order to find the commutation relations of the bosons. Section 7 is 
devoted to a higher level example. We add four appendices. In Appendix A we 
prove a proposition on crystal base which is necessary in this paper but was not 
proved in ||KM1N 1| | . Appendix B is a proof that the Serre relations follow from the 
integrability of representations. Appendix C is the computation of the two-point 

(2) 

correlation functions of the g-vertex operators in the case. In Appendix D 

we consider the q — > 1 limit for the case and compare it to the result in |JY]. 

Acknowledgement. We thank Eugene Stern for discussions in the early stage of 
this work, and Masato Okado for explaining the method for the computation of 
the result in Appendix C. This work is partially supported by Grant-in-Aid for 
Scientific Research on Priority Areas, the Ministry of Education, Science, Sports 
and Culture. J.-U. H. P. and C. M. Y. are supported by the Japan Society for the 
Promotion of Science. 
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2. Preliminary 
2.1. Notations. In this paper we use the following notations. 

1 if a statement P is true 
if P is false, 
an affine Lie algebra. 

its Cartan subalgebra with dimension rank(g) + 1. 
the index set for simple roots, 
a simple root G rj* corresponding to i G I. 
a simple coroot G rj corresponding to i G /. 

We assume that the simple roots and the simple coroots are 
linearly independent. 

W : the Weyl group of g. 

( , ) : a ^-invariant non-degenerate bilinear symmetric form on f)* 

such that G 2Z >0 . 

( , ) : the coupling f) x rj* — > C. 
P : a weight lattice C f)*. 
Q = J2i the root lattice. 
Q± = ±J2i%>o®i- 
5 : an element of Q + such that Z<5 = {A G Q; (hi\) = 0}. 
c : an element of J2i %>ohi such that Zc = {h G J2i ^hf, (h, a>i) = 0}. 
We write 
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5 = J2i a i a i an d 

C C^i hi* 

P cl =P/ZS. 
cl : P->P d . 

We assume for the sake of simplicity 
P cl A Horn z (® l&I Zhi,Z). 

This implies {A G P ; (hi, A) = for any i G /} = Z5. 

Aj : a fundamental weight in P, 

i.e. an element of P such that (hj,Ai) = 5ij. 
Af = cl(Aj), the fundamental weight in P d . 

Note that Aj is determined modulo Z<5. 

P° : the level part of P, i.e. {A G P : (c, A) = 0}. 
the level part of P ch i.e. cl(P°). 
the quantized universal enveloping algebra 
with {q h ; h G P*} as its Cartan part. 
U' q (g) : the quantized universal enveloping algebra 
with {q h ; h G P c \*} as its Cartan part. 
Hence U'Jg) is a subalgebra of U q (g). 
K =Q(q). 

We consider U q (g) and U'Jg) over 

A = {f E K; f has no pole at q = 0} . 
U q (g)i'- the Z[g, g _1 ]-subalgebra of £/'($}) generated by the divided powers 

eS n) , jfU and{;}. 

the Z[g, g _1 ]-subalgebra of U q (g) generated by U'(g)% 
and{£} (heP*). 

The quantized affine algebra U q (g) is a K- algebra generated by e,, /j (z G J) and 
g ft (/i G P*) with the commutation relations 

q h = 1 for h = 0, 

q h+h> = q h g h> for ^ h' E P*, 

q h ei q- h = q {h ^ ) e i and q h hq' h = q' {K<Xi) fi, 

U - ti l 

[ e i, fj] — $ij _ i ) 

for i ^ j E I 

E fc (-i)*/i w /i/f" <hi,ai> " fc) = o. 



Here 



qi = q 2 and tj = g 2 



2.2. Coproducts. There are several coproducts of U q (g) used in the literature. 
In this paper, we use a coproduct different from the ones used in ||DJ(J| , |JM| , |K1| , [K2| , 
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KMN 1 1 . In this subsection, we shall explain the relations among four coproducts: 

./( , , ,./). <>. „h 

(2.2.1) 



A_ 



A, 




Their antipodes are given by 




(2.2.2) 



(2.2.3) 



(2.2.4) 



(2.2.5) 



(2.2.6) 



(2.2.7) 



(2.2.8) 



For two C/,(fl)-modules M x and M 2 , let us denote by M x ®+ M 2 , Mi <g>_ M 2 
M{® + M 2 and M{^>_M 2 the vector space M x ® K M 2 endowed with the U q ($)- 
module structure via the coproduct A + , A_, A + and A_, respectively. 

We have functorial isomorphisms of L/q(g)-modules 



Mi 
Mi 



M 2 
M 2 



M 2 ®_M 1 
M 2 ®+Mi 



(2.2.9) 
(2.2.10) 
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by Ui ® u 2 i— »■ u 2 ® u\. 

We have functorial isomorphisms of {7 g (g)-modules 



g~ (v) : Mi $ 
g (v) : M{{ 



M 2 
-M 2 



Mi 



-M 2 
-M 2 



(2.2.11) 
(2.2.12) 



Here q sends «i ® + u 2 to g ( wt («i). wt ( M 2)) Ml g,_ U2 anc j g(v) senc i s i^g^^ to 

g (wt(« 1 ),wt(«a)) Ui ^_ U2> 

The tensor products ®+ and behave well under upper crystal bases and (g>_ 
and ®+ behave well under lower crystal bases. Namely, if (Lj,Bj) is an upper 
crystal base of an integrable U q (o) -module Mj (j = 1,2), then (L x 0^ L 2 , i?i <8> S 2 ) 
is an upper crystal base of M 1 Cg>+M 2 and M{®_M 2 . Similarly, if (Lj, Bj) is a lower 
crystal base of Mj, then (Li ®a -^2, <£> -B2) is a lower crystal base of Mi (g>_ M 2 
and Mi®+M2. If we use ®+ or ®_, the tensor product of crystal base is described 
as follows. For two crystals Bi, B 2 and &i G B\, b 2 e _B 2 , 

wt (61 ® 6 2 ) = wt (61) + wt (6 2 ), 

£i( & i ® 62) = max(ei(6i), £j(6 2 ) - (^t, wt (61))), 

<ft(&i ® 62) = max(v9j(6i) + (/ij, wt (6 2 )), ^#2)), 

ejfei <g> 6 2 if <#(&i) > £1(^2), 
61 <g> if < Eiih), 



ei(h <8> 62) 
fi(h®b 2 ) 



fibi ®b 2 if > £1(62), 

bi®fib 2 it ^i(bi) < Si(b 2 ). 



If we use the other tensor products ® + or <g>_, we have to exchange the first and 
the second factors in the formulas above. Namely the tensor product of crystals is 
given as follows. 



wt (b\ ® b 2 ) 
£i(h ® b 2 ) 
<Pi(h <g> b 2 ) 

e»(6i <8> 6 2 ) 
fi(bi®b 2 ) 



wt (61) + wt (6 2 ), 

max(ei(6i) - (/i i5 wt (6 2 )),£i(6 2 )), 

max(^(6i), ^(62) + (^i, wt (61))), 

eibi ® b 2 if £;(&i) > ^(62), 
61 ® ej6 2 if £i(&i) < (pi(b 2 ), 



fA ®b 2 



if (61) > ^(62), 
if e<(6i) < ^(62). 



(2.2.13) 



In this article, we mainly use the tensor product ® + and lower crystal bases. 
The rule of the tensor product of crystals is therefore by ( |2.2.13| ). Note that ® + 
is used in flDJOl , |JMfl and ®_ in |K2|, |KMN1 . 
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3. Wedge products 



3.1. Perfect crystal. Let us take an integrable finite-dimensional representation 
V of Ug(g). Let V = ®\ e poV\ be its weight space decomposition. Its affinization 
is defined by 

Kff = 0(Kfr)A 

AGP 

where (V a g)\ = Vd(A) f° r A G P. Let cl : (Vas)x Ki(A) denote the canonical 
isomorphism. Then V a s has a natural structure of a {7 9 (fl)-module such that cl : 
Kfr -> V is [^(s)-linear (see ||KMN1|| ). 

Let 2! : V a g — > Kg be the endomorphism of weight 6 given by 



aS)X 



Vr 



cl(A) 



(K 



aflfjA+5 



cl(A+5) 



The endomorphism z is £/'(0)-linear. 

Taking a section of cl : P — > P c i, V^g may be identified with 1/ 



sec 



section |5.1| ). 

We assume that 

(P): V has a perfect crystal base (L,B). 

Let us recall its definition in [|KMN1 |. A crystal base (L,B) is called perfect of 
level / G Z >0 if it satisfies the following axioms (P1)-(P3). 

(PI): There is a weig ht A° G P c °! such that the weights of V are contained 
in the convex hull of WX° and that dim V w \° = 1 for any w in the Weyl 
group W. 

We call a vector in V w \° an extremal vector with extremal weight w\°. 
(P2): B ® B is connected. 

(P3): There is a positive integer / satisfying the following conditions, 
(i) For every b G B, (c,e(b)) = (c,<p(b)) > I. Here we set 

e{b) = 5>(6)AfGP cl 

<p{b) = E^jAfePd (3.1.1) 

with the fundamental weights Af G P c \. 
iii) Set P min = {6 G B- (c,e(b)) = 1} and (P+), = {A G P cl ; (c, A) = 
Z and (/ij, A) > for every i G /}. Then 

e, if : P min (P c {); are bijective. 



Note that (PI) is equivalent to the irreducibility of V (see | ](JP| ] ) . 
Note that the equality (c,e(b)) = (c,(p(b)) in (P3) (i) follows from 



wt (b) + e(b) 
12 



and the fact that V is a £7'(f|)-rnodule of level 0. 

Remark. The map e(b) t— > ip(b) (b G B min ) defines an automorphism of (Pj")j, In 
all the examples of perfect crystals that we know, this automorphism is induced 
by a Dynkin diagram automorphism. 

We have constructed V^g out of V. Similarly we construct the crystal base 
(L a g, -Bafr) of Vaff out of (L, B) . We define similarly cl : B a g — > B and z : £> a ff — ► 

-Baflf- 

We assume further that V has a good base {G(6)}& e £ in the following sense. 

(G): V has a lower global base {G(b)}b £ B- 
This means that the base {G(b)}beB satisfies the following conditions (cf. ||K2|| ). 

(i) © Z[g,g- 1 ]G(6) is a [7'(g) z -submodule of V. 

beB 

(ii) b = G(b) mod L/qL. 

(iii) e t G{b) = Wi{b) + l]<G?(ei6) +ZEi >v G(V), 

(iv) f t G(b) = [e t (b) + l} t G(m + EF^,G(b'). 

In both cases, the sum ranges over b' that belongs to an i-string strictly longer than 
that of b Siip') > Eiip) or ifi(b') > ipi(b) according to (iii) or (iv)). Moreover 
the coefficients satisfy 

El M G qq^ZiqjUq-'qt^nq' 1 ] (3.1.2) 
H, V G qq7 £ ' {b,) nq]Uq- l qr {b,) Z[q- 1 ]. (3.1.3) 

Remark. The reason why we choose a lower global base is explained in Theo- 
rem |4.2.5| and the remark after Proposition [4.2.8| . 

We define the base {G(b)} beBaS of V aS by cl(G(6)) = G(c\(b)). We have G(z n b) = 
z n G{b) for n G Z and b G S aff . * 

3.2. Energy function. Let be an energy function (see [ KMN1|| ). Namely 
H : £g> -Bafr — ► Z satisfies 

(El): H{zb 1 ®b 2 ) = H(b 1 ®b 2 )-l. 
(E2): H{b 1 ®zb 2 ) = H{b 1 ®b 2 ) + l. 

(E3): H is constant on every connected component of the crystal graph 

Bag (g> 5 a ff • 

By (El-3), is uniquely determined up to a constant. We normalize H by 
(E4): iJ(6 g) 6) = for any (or equivalently some) extremal 6 G -B a s (i-e. 
cl(wt(6)) G H^A°). 

We know already its existence and uniqueness ( [jKMJNl ]). The existence is in fact 
proved by using R-matrix. Let us explain their relation. There is a -linear 
endomorphism (R-matrix) R of V^g ® V^g such that 

Ro(z®l) = (1®z)oR (3.2.1) 
Ro (1 ® z ) = (z® 1) oi? (3.2.2) 
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and normalized by 

R(u ®u) = u®u for every extremal u G Vgg. (3.2.3) 

Strictly speaking, R is a homomorphism from ® to its completion Kfr(§>V a fr- 
It is proved in ||KMN1|| that R sends L af j (g) L aff to L afl fCg)L a ff and 

R(G(b x ) ® G(b 2 )) 

_ G (^(6i®b2) 6i ) g, G(z-^ 6l ^ 2 )6 2 ) mod gL afr ®L afr (3.2.4) 
for every 6i, 6 2 G Bgg. 

We know that i? has finitely many poles. It means that there is a non-zero ip G 
K[z ® z _1 , z~ l ® z] such that ij)R sends V^s <g> Kg into itself. We assume that the 
denominator ip of R satisfies the following property. 

(D): ip e A[z® z~ 1 } and ip = 1 at q = 0. 

We take a linear form s : P — > Q such that s(aj) = 1 for every i & I, and define 

I '■ -BaflF — ► Z 

by Z(6) = s(wt (6))+c for some constant c. With a suitable choice of c, / is Z- valued. 
It satisfies 

(i) l(zb) = 1(b) + a for any b G B aS . Here a is a positive integer independent of 
b. 

(ii) Z(ejfo) = 1(b) + 1 if i G I and 6 G -B a ff satisfy e^fr 7^ 0. 
We assume that it satisfies 

(L): IfHih ® b 2 ) < 0, then 1(h) > l(b 2 ). 

3.3. Wedge products. We define L(V^ 2 ) by L aff <g>A L aS . Let us set P = 
ip(z <E> 1, 1 <E> z)i? = Rip(l ® z, z (g> 1). Then it is an endomorphism of V^ 2 and 
L(V^g 2 ) is stable by R. We shall denote by the same letter R the endomorphism 
of L(V^)/qL(V^) induced by R. Then by (D) and ( ggg ) we have the equality 
in L(V%)/qL{Vg) 

R(h ® 63) = z" (6l ® 62) 6i (g Z - H(bl ® b2) b 2 for every 61,62 G 5 aff . (3.3.1) 

Since i? 2 = 1, we have 

(^-^(z®l,l®«))o^ + ^(l(8)«,z(8)l)) = 0. (3.3.2) 

Let us choose an extremal vector w G V a fj. Then we define 

N = U q (o)[z ® z, z~ l ® z -1 , z ® 1 + 1 ® z] (u ® u) . 

This definition does not depend on the choice of u, because an extremal vector u 
of weight A satisfies 

(fl n) u) ® (ft ] u) = f? n \u®u) if(/w,A)=n>0, 
(eS n) «) ® (e| n) u) = ef n) («®u) if (^, A) = -n < 0. 
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By the definition, we have 

f(z ® 1, 1 <g> z)N C N 

for any symmetric Laurent polynomial f(zx, (3.3.3) 

We put the following postulate. 

(R): For every pair & 2 ) in -B a ff with if(&i®6 2 ) — 0, there exists G 
iV which has the form 

C blM = G(h) <g> G(6 2 ) - £ ® G(fe' 2 ) . 

Here the sum ranges over (b[, b' 2 ) such that 

H(b[ ® 6' 2 ) > , 

Z(6a) < Z(6' 2 ) < Z(60 , 

and the coefficients ay y belong to Z[g, g^ 1 ]. 

Later in Lemma |3.3.2| , we see that ay y belong to qL[q\. 

Since we have normalized the R-matrix by R(u ® u) = u <g> tt, we have 

= -j/^- 2 <8> 1, 1 <8> z)v for every v & N. (3.3.4) 

Hence R sends iV to itself. 

We set 

L(N) = NnL(v® 2 ). 

Then by (D) and ( ggg ), we have the equality in L(K| 2 )/gL(V r a | 2 ) 

£(&) = b for every 6 G L(N)/qL(N). (3.3.5) 
We define the wedge product by 

A 2 v bS = v% 2 /n. 

For Vx,V2 G V, let us denote by v\ A t> 2 the element of A 2 Kif corresponding to 
V\ ® v 2 - We set 

£(A 2 K ff ) = L(Kl 2 )/^(iV) c A 2 K ff . 

Now we shall study the properties of A 2 Kfr under conditions (P), (G), (D), (L) 
and (R). 

We conjecture that (P) and (G) imply the other conditions (D), (L) and (R). 

Lemma 3.3.1. If J2 tf(6 1( g)6 2 )>o a bi ,b 2 G(bi) <g) G(b 2 ) belongs to Ker (r — ^{z® 1, 1 <g) 
z)) ; then all a^ ^ vanish. 
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Proof. It is enough to show that for n G Z 

if a fcljb2 G g n A for all bi,b 2 , then a bljfc2 G g n+1 A (3.3.6) 
By (D), ( |3T32D and ( g^Tp , we obtain the identity in L(F a f 2 )/gL(K| 2 ), 

E (g- n a bl)fe2 )6i ® 62 = E (?~'V6 3 )** (6l ® 6a) &i ® ^- H(fei ^ 2) & 2 . 

i?(6i®62)>0 iJ(6i<g>6 2 )>0 

Since Hfz^^bt ® z-^® 6 *)^) = -#(&! ® 6 2 ) < 0, we obtain the desired 
assertion (|3.3.6| ). □ 

A similar argument leads to the following result. 

Lemma 3.3.2. IfH(b x ® b 2 ) = and G(6i) (8>G(6 2 ) - E ay, y G f (6i)®G(6 / 2 ) 

belongs to N, then ay iy G oA. 

We shall call a pair (pi, b 2 ) of elements in B^g normally ordered and G(bi) AG(b 2 ) 
a normally ordered wedge if if (61 ® 62) > 0. The axiom (R) may be considered as 
a rule to write G(bi) A G(b 2 ) as a linear combination of normally ordered wedges 
when H{b\ ®b 2 ) = 0. In order to treat the case H(b\ ®b 2 ) = — c < 0, we introduce 
an element of iV (see ( |3.3.3j )) 

C' blib2 = [l®z- c + z- c ®l)C huZ c h2 (3.3.7) 
= {l®z c + z c ®l)C z -c bub2 . 

Note that H(h ® z c b 2 ) = E( Z - c b x g> b 2 ) = 0. 

Lemma 3.3.3. If H(bi ® fo 2 ) < 0, i/ien C£ b2 has the form 

G(h) ® G(6 2 ) - E ^^G(6i) ® G(6 2 ). 

i/ere t/ie sum ranges over (6i,6 2 ) snc/i £/iat 

® 6' 2 ) > H(h ® 63) , 
Z(6 2 ) < Z(6i) < Z(6 X ) , 
Z(6 2 ) < Z(Z/ 2 ) < Z(6 X ) . 

Moreover ay y belongs to 

Proof. Assume if (61 ® 6 2 ) = — c < 0. Set 

C;-c 6li62 = G^) ® G(b 2 ) - E a^Gft) ® G(b ! 2 ). 

ff(6' 1 (gi6 2 )>0 

Here the sum ranges over 

Z(6 2 ) < l(b[) < l(z-%) , 
l(b 2 ) < l(b' 2 ) < Z(^ c 6i) . 

Then 

C' bl , b2 = G(6 1 )®G(6 2 ) + G'(z- C 6 1 )®G'(^ 2 ) 
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- E ^(GW) ® G(z c 6 2 ) + G(^ c 6i) (g G(6' 2 )). 
#(&i<g*i,)>o 

The desired properties can be easily checked. □ 

By the repeated use of the proposition above, we obtain the following result. 

Corollary 3.3.4. If H(h ®b 2 ) < then N contains an element C bl ^, which has 
the form 

G(h) ® G(b 2 ) - £ a&i^&i) ® G(b' 2 ). 
b[,b' 2 

Here the sum ranges over (61,62) such that 

H(b' x ® 6' 2 ) > , 
Z(6a) < Z(6i) < 1(h) , 
Z(6 2 ) < /(6' 2 ) < 1(h) ■ 

and a b > i>b > 2 eZ[q]. 

By Lemma |3.3.1| , C^fa is uniquely determined. Note that we shall see 
a 6 , )6 , (0) = -5(6; (8) 6' 2 = z H{hxm ^h ® ^ (bl0fe) 6 2 ) 
(see Lemma |3.3.8| ) . 



The following corollary is a consequence of the corollary above and Lemma |3.3.1 . 
Lemma 3.3.5. L(N) is a free A-module with {C^^h^^)^ as tts basis. 

Proposition 3.3.6. (i) The normally ordered wedges form a base of /\ 2 V a g. 
(ii) L(/\ 2 V a s) is a free A-module with the normally ordered wedges as a base. 

Proof. Lemma |3.3.1| implies the linear independence of the normally ordered wedges 
and Corollary |3.3.4| implies that they generate A 2 Kfr- 

(ii) follows from (i) and Corollary |3.3.4j . □ 



Corollary 3.3.7. N = Ker (R - ij)(z <S> 1, 1 ® ; 

Proof. We know already that iV is contained in Ker (^R — ih(z® 1, 1 ® z) ) . Since the 
normally ordered wedges are linearly independent in Vjf / Ker (R—ip(z®l, 1 



by Lemma gXlj A V afT -> V$ / Ker [R - ib(z <g> 1, 1 <g> z)J is injective. □ 
We define for n > 



fc=0 



and then 



A n V aS = V&/N n . 

For %, w 2 , • • • , u n £ Kff, we denote by UiAu 2 A- ■ -Au n the image of Ui®u 2 ®- ■ -®u r 
in A n KfT- 
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There is a U q (Q)-\meai homomorphism 

a : A n K ff ® A m Kff - A n+m K ff . 

Let us set L{VT) = and let L(f\ n V aS ) be the image of L{V^ n ) in A" Kfr- 
We call a sequence (61, 62, • • • , b n ) normally ordered if its every consecutive pair is 
normally ordered, i.e. if H(bj ® bj + i) > for j — 1, . . . , n — 1. In this case we call 
G(6i) A • • ■ A G(b n ) a normally ordered wedge. Set 

n-2 
k=0 

Note that we have not yet seen L(N n ) D N n D L(V^| n ), which will follow from 



Lemma 3.3.11. In the formulae below, we have to pay attention to a difference 



between modulo qL(N n ) and modulo qL(V^ n ). 
Lemma 3.3.8. (i) If H(bi <g> 6 2 ) = £/ten 

G(^ a 6i) A G(z 6 &2) = -G{z b b l ) A G(,z a o 2 ) mod gL(AV afr ). 

(ii) If H(b 1 ®b 2 ) < ffren 

C 6l>62 = 61 ® 6 2 + 5(^(61 ® 62) < O)^ 1 ® 62 ^ ® aT 1 ^®^ 

mod )• 

(iii) // H(bj ® = /or j = 1, . . . , n — 1, then for any o G S n , 

Giz^h) A G(z a2 b 2 ) A • • • A G(z an b n ) 

= sgn(o-)G(^( 1 )6i) A G{z a ^b 2 ) A ■ • • A G(z°*w& n ) 

mod gL(A n Kfi). 



Proof. By Lemma [3.3.3| , (i) holds for a = 6 = 0. The general case is obtained by 



operating z a ® z b + z b ® z a on G(bi) ® G(& 2 ) = 0. 

The other assertions follow from (i). □ 

Proposition 3.3.9. let a,c G Z and n G Z >0 . Then for 61, . . . ,b n G i? a fr wtt 
a < l(bj) < c, we have 

G(h) ® • • • ® G(6 n ) G E Z[g]G(&i) ® • - • ® G(&JJ + L(N n ) 

where the sum ranges over normally ordered sequences (b[, . . . , b' n ) with a < l(b'f) < 
c and l(b[) < 1(h). 

Proof. We shall prove this by induction on n and l(b\). By the induction hypothesis 
on n, we may assume that (6 2 , • • • , b n ) is normally ordered. If <8> 62) > 0, then 
we are done. Assume that ® b 2 ) < 0. Then by Corollary |3.3.4|, we can write 



Gfa) <g> G(&2) = E a 6i , 6 /G(6i) <g> G(6 2 ) mod L(JV) 
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b[,b' 2 



with H(b[ <g> b' 2 ) > and l(b 2 ) < l^) < l(b x ) and l(b 2 ) < l(b' 2 ) < 1(h). Then we 



This proposition says in particular that /\ n V&fi is generated by the normally or- 
dered wedges. In order to see their linear independence, we need the compatibility 
of the relations, which follow from the Yang-Baxter equation for R. 

Lemma 3.3.10. Assume H(bi (g) b 2 ) = H(b 2 <E> 63) = 0. Then for a > b > c, we 

have 



(1 + 5 a!b )C z a bliZ b b2 ®G(z c b 3 ) 

+(1 + S b:C )C zbbuz c b2 <g> G(z a b 3 ) + (1 + 5 a , c )C z a bljZ c b2 <g> G(z%) 
= (1 + S^G^h) <g> C zbb2 ^ b3 

+ (l + MC(^l)®c 2 



1, z ® 1 <g> 1), etc. Since R + ip(l ® z, z ® I) sends L(Xf 2 ) to L(N), R {j + ^ sends 
L(Kf 3 ) to L(7V 3 ). Also we have 



Since L(iV) = N(~)L(V^ 2 ), the above congruence is also true modulo qL(N). Since 
we have 



have 



G(h) <g> G(&2) (g) ... (g) G(&„) 

= E^i^^i) ® °( b 2) ® G ( & 3) ® • • • ® G(6 n ) mod L(Ag . 
Since a < Z(& 2 ) < Z(&'i) < ^(&i), the induction proceeds. 



□ 




(R + ip(l®z,z® 1)) (G(z a b 1 ) <g> G(/6 2 )) 

= G(* 6 &i) ® G(2 a 6 2 ) + ® G(/& 2 ) 

mod gL(\/f 2 ). 



i? 23 o ^i 2 (G(z°6i) ® G(* b &2) ® G(z c fe 3 )) 
= ® G(z c 6 2 ) ® G(z a & 3 ) 



mod 



etc., we have 



(#12 + foi) o i? 23 o R l2 (G(z a h) ® G(z%) ® G(,2 C & 3 

= (#12 + V21) (G(^6i) ® G(z c & 2 ) ® G(z a & 3 )) 
= (1 + 5 b , c )C 266li2Cb2 ® G(z a & 3 ) 



)) 



mod qL(N 3 ), 



and similarly 



(i? 23 + ^23) o J R 12 (G(2 a 6 1 ) ® G(/6 2 ) ® G(z c 6 3 
= (1 + £ 0)C )G(2 6 &i) ® CW 2 ,^ 3 



)) 



mod qL(N 3 ). 
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They imply 

R 12 o R 23 o R X2 (G{z a b 1 ) ® G(/6 2 ) ® G(z c b 3 )] 
= (l + 5 biC )C zbbuzCb2 ®G(z a b 3 ) 

- ^21^23 o R 12 (G(z a b 1 ) <g> G(z%) <g> G(z c 6 3 ) 
= (1 + 6&, c )C z !>& li2 = b2 <g> G(z a b 3 ) - (1 + 5 ajC )^2iG'(2; fe 6 1 ) <g> C z a b2jZ c b3 
+ ^21^32^12 (G(z a 6i) ® G(2 b 6 2 ) (8) G(z c 6 3 )) 

= (1 + 6^)0^^ ® G^fcg) - (1 + 5a,c)G(^&i) ® ^,^6, 

+ (1 + 5a,b)C 2 a ftlj2! , 62 ® G(z c 6 3 ) 

- M 3 2il>3iG(z a b 1 ) ® G(z%) ig) G(z c fc 3 ). 
Here = is taken modulo qL(N 3 ). Similarly we have 

,R 2 3 o £ 12 o ^(G^fei) ® G(/6 2 ) ® G(z c 6 3 )) 
= (1 + 5 a , 6 )G(2; c 6i) <g> C 2 a 62iZ 6 63 - (1 + 5 a , c )C z a 6ljZ c 62 ® G(/6 3 ) 
+ (1 + 6 b , c )G(z a h) ® C^,^ - ^32^31^21^(^6!) ® G(z b 6 2 ) ® G(z c 6 3 ). 
Comparing these two identities, we obtain the desired result. □ 

Lemma 3.3.11. The Q-vector space L(N n ) / qL(N n ) is generated by G(b\) ® ■ ■ ■ ® 
G(bi-\)®C bubi+1 ®G{bi +2 ) ® ■ ■ -®G(b n ) where (b\, . . . , b n ) ranges over the elements 
in B^ff such that (&i+i, . . . , b n ) is normally ordered and H(bi ® h + \) < 0. 

Proof. L(N n ) is generated by G(&i) ® • • • ® ® C hA+1 ® G(& i+2 ) ® • ■ - ® 

G{b n ). Here H(bi® 6 i+1 ) < but (fej+i, . . . , 6 n ) is not necessarily normally ordered. 
We shall prove that such a vector can be written as a Q-linear combination of 
vectors satisfying the conditions as in the lemma, by induction on n and descending 
induction on i. Arguing by induction on n, we may assume i — 1. Write b^ = z ak bk 
with <S> 6fc+i) = 0. Then a\ > a 2 . By Lemma |3.3.8| (iii), we may assume that 



a 3 < a 4 < ■ • ■ < a n . If a 2 < a 3 , there is nothing to prove. Assume a 2 > a 3 . Then 
the preceding lemma implies 

(1 + cW^i^,^ ® G(^ 3 ) 

+ (1 + 5 a2 , a3 )G(z ai 6i) ® + (1 + 5 ai , a3 )G(z a2 6i) ® 

i& 2 ,2 a: % mod qL(N 3 ). 

Note that 03 is the smallest among (ai, . . . , a n ). After tensoring G(z a4 &4) ® ■ ■ ■ ® 
G(z an b n ), the first two terms can be written in the desired form by Lemma |3.3.§ 



(iii), and the last three terms can be written in the desired form by the hypothesis 
of induction oni. □ 



Theorem 3.3.12. The normally ordered wedges form a base of A™ Kg- 

20 



Proof. The normally ordered wedges generate /\ n V^g by Proposition 3.3.9 . We shall 
show that any linear combination of normally ordered tensors in N n vanishes. Let 
C be such a linear combination. Since C\ k q k L(N n ) C f] k q k L(/\ n Vgg) = 0, it is 
enough to show that C G L(N n ) implies C G qL(N n ). By the preceding lemma, 
we can write 

n-l 

c = E E a*(h, ■ ■ ■ ,K) G{b x ) <g> • • • ® G?(6i_i) <g> C 6iA+1 

i=l (6i,...,6n)e^i 

® G(6 J+2 ) ® • ■ ■ ® G(6„) mod qL(N n ). 

Here the coefficents 0^(61, ... , fo n ) belong to Q and (fej+i, ...,&„) is normally ordered 
for . . . , 6„)g -ft'j. In order to show the vanishing of a^bi, . . . , b n ), let us calculate 
C modulo qL(V® n ). 

n-l 

C=J2 E ai(bi,...,b n ) 61(g)- --(Sfti-i 

i=l (f>i,...,fc„)€if; 

® <g> 6 i+2 ® • • • <g> 6 n mod qL(VX)- 



Since Lemma |3.3.8| (ii) implies 

C biM+1 =h® b l+1 + 5(#(6, (8) 6 i+1 ) < 0)z H ^ b ^\ ® z~ H ^ b ^b l+1 , 
we have 

n-l 

C=J2 E aj(6i, . . . , 6 n ) 61 ® • • • ® 

® (&i ® 6i+i + ® 64+1) < 0)z H(b ^ b ^b t ® z-^^Vi) 

®6 i+ 2«)---®6n mod gL(\/| n ). (3.3.8) 

We shall show Oj(&i, . . . , 6 n ) = by the decending induction on i. Assume that 
a fe (&i, ...,b n ) = for k > i. Note that H(bi <g> < 0, and H(z H ^ hi +^bi <g> 
^(b^bi+O^^ > q when g, & . + ^ < q We algo note that ^ . . .^ n ) i s not 

normally ordered for (&i, . . . , b n ) G Ki but it is normally ordered for (bi, . . . , b n ) G 
K k with k < i. By these observations, for (pi, . . . ,b n ) G -ft^, the coefficient of 
&i<8>&2®- • -®&n in the right hand side of (3.3.8) is aj(&i, . . . , b n ) and b\®b 2 ®- ■ -®b n 
does not appear in C. Hence Oj(&i, . . . , & n ) must vanish. □ 

Corollary 3.3.13. £(A n Kiff) 2s a/ree A-module with the normally ordered wedges 
as a base. 

In fact, the normally ordered wedges generate L(/\ n V a ff) by Proposition |3.3.ii 
and are linearly independent by the theorem above. 

Let B(/\ n Vgff) be the set of normally ordered sequences. Let us regard B(/\ n V^) 
as a subset of Bf£. Since it is invariant by and fi, we can endow B(/\ n Vgs) 
with the structure of crystal induced by B®£. We regard B(/\ n V^) as a basis of 
L(A n Kff)M(A n Kff). Then we have 
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Proposition 3.3.14. (l(A™ Ks), #(A n V aS )) is a crystal base o/A"Kff- 
The following lemma follows immediately from ( |3.3.3| ). 

Lemma 3.3.15. Let f(z\, . . . , z n ) be a symmetric Laurent polynomial. Then f(z® 
1 ® ■ ■ ■ ® 1,1 ® z ® 1 ® ■ ■ ■ ® 1, . . . ,1 ® ■ ■ ■ ® 1 ® z) induces an endomorphism of 



4. FOCK SPACE 

4.1. Ground state sequence. In this section we shall introduce a g-deformed 
Fock space in a similar way to the A! 1 - 1 -case ( [ KMS| ) . 



We continue the discussion on the perfect crystal B of level I. Let us take a 
sequence {b m } m& i in £> a g such that 

(c,e(b°J) = l, 

<b°J = <p(b° m+1 ) 
and H{W m ®b° m+1 ) = l. 

We call (■ • • , bZ.ii b$, b\, . . . ) a ground state sequence. If we give one of b° m) then 
the other members of a ground state sequence are uniquely determined. 

Since B is a finite set, there exist a positive integer iV and an integer c such that 

b° k+N = z c b° k for every k. (4.1.1) 

Take weights A m G P of level I satisfying 

A m = wt (6 m ) + A m+ i 
and cl(A m ) = ip(b° m ) = e{b° m _ x ). 

Set v° m = G(b°J e Kff- 

4.2. Definition of Fock space. For m e Z, let us define first a (fake) g-deformed 
Fock space T m as the inductive limit (k — > oo) of A fc_m Kfr, where A fc ~ m V r a fr 
A k+l m Va,{i is given by u i— > m A Intuitively jF m is the subspace of A°°Kff 
generated by the vectors of the form u m A w m+ i A • • • with w fc = for k ^> m. 
Similarly we d efine L(jF m ) as the inductive limit of L(A fc-m Vafr)- We define the 
vacuum vector \m) = v° m A w m+1 A • • ■ G J^ m . Then any vector can be written as 
■u A \m + r) for some positive integer r and t> G A r Kifr- Note that f A \m + r) = 
if and only if v A v° m+r . A • • • A f m+s = for some s > r. 
Then we introduce the true (g-deformed) Fock space by 



T m = T m l{[\q n L{T n 



n>0 



Let L[Tm) C T m be the image of L(J- m ), and \m) the image of \m). 
We have the homomorphism 

A : A r Vaff ® Fm+r ~> Fm- 
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For a normally ordered sequence (b m , b m+ \, . . . ) in £> aff such that h = b° k for 
k ^> m, we call G(b m ) A G(6 m+ i) A • • - G >F m a normally ordered wedge. 

Theorem 4.2.1. TTie normally ordered wedges form a base of T m - 

In order to prove this theorem, we need some preparations. 

Lemma 4.2.2. If 1(b) > l(b°J, then H(b®b° m+1 ) < 0. 

Proof. lil(b) 3> 0, then the assertion holds. Let us prove it by descending induction 
on lib). Assume that there is i G I such that Bi(b ® b° m+1 ) = (Bib) <8> b° m+1 ^ 0. 
Then 1(b) < l(B^b) and hence H(b <g) 6^ +1 ) = H(B, t b <g> b° m+1 ) < by the hypothesis 
of induction. Hence we may assume that there is no such i. Then Si(b) < ^i(b° m+l ) 
for any i, and hence b = z a b° m for some a G Z. Since 1(b) > l(b^), we have a > 0. 
Therefore #(& ® b° m+1 ) = 1 - a < 0. □ 

Proposition 4.2.3. Assume if (&®&^J < 0. Then for every n we can find m\ > m 
such that 

G(b) A v° m A • ■ ■ A v° mi G ,f L(A" + V aff ). 

Proof. We shall prove this by induction on n and H(b®b° m ). 
Set if (6 <g> b° m ) = -c and 

G(6) A v° m = £ a(&i, &2)G(6i) A G(6 2 ). 

Here the sum ranges over normally ordered pairs (&i, 62) such that 

l(b° m ) < 1(h) < 1(b), 

l(b°J < 1(h) < 1(b). (4.2.1) 
By the preceding lemma H (h ® b° m+l ) < 0. Lemma [3.3.8| (i) implies 



a(h, h) = S(c < and (h, h) = (z~% z c h m )) mod qA. 

We have 

G(b) Av° m A---Av° mi = £ 0(61, & 2 )G(&i) A G(& 2 ) A A • • • A v° mv 

Since Z(& 2 ) > l(b° m ), we have G(6 2 ) A v° m+1 A • ■ • A v° mi G g n-1 L(AKffi)- Hence 
a(h, h)G(h) A G(6 2 ) A v° n+1 A ■ ■ • A v° mi belongs to q n L(/\V aS ) except c < and 
(& 1; & 2 ) = (z- c &,z c ^). 

Assume that c < and (b±,h) = (z~ c b, z c b'^ n ). Then we have > H(z c b° m ® 
b° m+1 ) = l-c> H(b®b° m ). Hence a(&i, b 2 )G(h) AG(b 2 ) Av° m+1 A • • • belongs 
to g"L(A mi_m+2 K ff ) by the hypothesis of induction on H(b ®b° m ). □ 

Remark. Assume that c in (4.1.1) is positive (or equivalently, /(&^J tends to infinity 
as m tends to infinity). Then H(b (g) b m ) < implies G(b) A v ° m A ■ ■ ■ A v° mi = for 
mi S> In fact by the same argument as above we have G(b) A v° m A ■ ■ ■ A v° G 
Eb> A mi_m+1 K ff A G(V) where b' satisfies l(b° mi ) < 1(h) < 1(b). 

Note that, under the condition of the proposition, G(b) Av^ A^ +1 A - • • Av% — 
for k 3> m is false in general. 
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A similar argument shows the following dual statement. 

Proposition 4.2.4. Assume H(b° m ®b) < 0. Then for every n we can find m\ < m 
such that 



v° mi A---Av° m A G(b) e <f L(A m - mi+2 K ff ). 

As an immediate consequence of Proposition P~iO| , we obtain the following result. 

Theorem 4.2.5. For any vector b e £> aff such that H{b ® 6^) < ; we have the 
equality in T m 

G(b) A \m) = . 



Proof of Theorem |4.2.1| . Any vector in T m can be written in the form v A \m + r) 



with v G A r Ks- We may assume that v is a normally ordered wedge G(b m ) A • • • A 
G(b m+r -i). If H{b m+r _i ® b m+r ) > 0, then v A \m + r) is a normally ordered wedge 
and otherwise f A |m + r) = by Proposition [4.2.3 . 



The linear independence follows immediately from the corresponding statement 
for the wedge space (Corollary |3.3.13| ). □ 

By a similar argument, we have 

Proposition 4.2.6. L(jF m ) is a free A-submodule of T m generated by the normally 
ordered wedges. 

Proposition 4.2.7. 



f]q n L(T m ) = ]T A r ~V afr AG(&)A|m + r> 

n>0 H{b®b° m+r )<0 



E A r "V aff AG(b) A\m + r). 

«W>«(^ +r _ 1 ) 

Proof. The first equality follows from Theorems [4.2.1| and |4.2.5| and the last follows 



from Lemma |4.2.2| and ( |4.2.l| ). □ 



As a corollary of Theorem |4.2.5| we have the following result concerning vertex 
operators. 

Proposition 4.2.8. Let V(X m ) be the irreducible U q (g)-module with highest weight 
\ m and U\ m its highest weight vector. Let $ : ® V(\ m ) — > V(X m -i) be an 
intertwiner. Then for any vectorb e B^g such that H(b®b m ) < 0, §(G(b)®u\ m ) = 
0. 



Proof. As proved in [ DJD ], the intertwiner is unique up to a constant. As seen in 



the next two subsections, T m has a f/ q (g)-module structure and contains V(X m ) as a 
direct summand. By this embedding, the highest vector u\ m of V(A m ) corresponds 
to \m). Therefore $ is given as the composition: 

Kff ® V(X m ) Kg ® F m Fm-l V(\ m _i). 
Now the result follows from Theorem (4.2.51. □ 
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Remark. It is known (see e.g. ||DJO|| ) that $(f ®u\ m ) = for v G {V a ff)\ m l -\ m such 



that v G J2i el +( ~ hl ' Xm ^V a fr- On the other hand, by the property of the lower global 
base ([[K2|), G(b) belongs to Ei eJ+^^Vaff if and only if ^(6) > A m _ x ) for 



some i. Therefore, $(G(o) ® u\ m ) = for 6 G (-Bafr)A m _i-A m other than 0°^. 

This observation shows that we have to take a lower global base in order to 
have Theorem [4.2.5| . Theorem |4.2.5| , as well as Proposition ^4.2.(j| , does not hold 



for an arbitrary choice of base other than the lower global base. In the course of 
our construction of the Fock space, we have not used explicitly the property of 
the lower global base. This is hidden in postulate (R). This postulate fails for an 
arbitrary choice of base. 

4.3. £/q(g)-module structure on the Fock space. Let us define the action of 
U q (o) on T m - We define first the action of the Cartan part of U q (g) by assigning 
weights. We set wt (\m)) = X m and wt (v A \m + r)) = wt (v) + wt (|m + r)) for 
v G A r Kff- This defines the weight decomposition of the Fock space. 

Let BiTm) denote the set of normally ordered sequences (b m , b m+ i, . . . ) in B a s 
such that bk = b° k for k ^> in. Then it has a crystal structure as in ||KMN 1 1 . More- 



(iv) {T, 



over B{Tm) may be considered as a base of L(^ r m )/gL(jF m ) by Proposition |4.2.6 
We write b m A b m+1 A ■ ■ ■ for (b m , b m+1 , ...). 

Proposition 4.3.1. (i) ch {F m ) = ch (V(A m )) rL>o(l - e"**)" 1 . 

(ii) The weights of T m appear as weights ofV(X m ). In particular, any weight \i 
°f Fm satisfies s(fi) < s(X m ) (see the end o/§|3.2| /or s : P — >• Q). Moreover, 
s(fjt) = s(A m ) implies ji — X m . 

(iii) For any fi G P , dim(jF m ) M < oo. 

{KG(f?b° m )A\m + l} ifQ<n<{K\ m ), 
1 otherwise. 

(v) If b G 5 a ff satisfies wt (6) = wt {b° m ) — na i; then G(b) A \m + 1) = unless 
0<n< (hi,X m ) andb = fl l b° m . 

(vi) Any highest weight element of '-B(JF m ) has the form z am b° m A z am+1 b° m+1 A • - • 
with a m < a m+ i < ■ ■ ■ and a k = /or k~^> m. 

(vii) For 6 m A 6 m+ i A ■ • • G B(Tm), b m = b° m implies bk = b° k for any k >m. 

Proof. By Proposition 4.6.4 in |[K1VUN 1|| (see also Appendix [AJ), we have 

ch (V(X m )) = e x ™J2 eJ2n - m{wHbn) ~ Wtib ° l)) 

where the sum ranges over the family £> of sequences b m ,b m+ i, ... in _B aff such 
that b n = 6° for n ^> m and H(b n (g> b n+ i) = 1 for any n > m. On the other hand, 
we have 

ch (JF m ) = e*™ $> En * m(Wt(6n)-Wt(6&)) 

where the sum ranges over the family B of normally ordered b m , o m+1 , . . . such that 
b n = b° n for n ^> m. We have 

B = {(z- a ™b m ,z~ a ^b m+1 ,...); 

(b m , b m+1 , . . . ) G £>o, a m > a m+ i > • • and a n = for n > m). 
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To obtain (i), it is enough to remark that z has weight S. 



The assertions (ii)-(vi) follow from (i) and Theorem |4.2.5| . The assertion (vii) 
follows from (vi) and 

Uz^b° m A z^+X+i A ■ ■ • ) = z am U° m A z am+1 b° m+1 A • ■ ■ . 

□ 

Now we shall define the action of and fa on T m . 

Taking {q n L(J r m )} n as a neighborhood system of 0, T m is endowed with a so 
called g-adic topology. Since f] n q n L(J r m ) = by construction, the g-adic topology 
is separated. Since we use K = Q(q) as a base field, T m is not complete with respect 
to this topology. For any /x e P, the completion of (J^m)^ is Q((g)) <8>^ (^m)^- 

Proposition 4.3.2. For any vectors u m ,u m+ \, • ■ ■ G V a g- suc/i i/ia£ u k = v k for 
k~^> m, 

^(Um A • • • A u k -i) A eiU k A A • • • (4.3.1) 

k>m 

and 

u m A • • • A A /it** A *i(u fc+ i A • • • ) (4.3.2) 

k>m 

converge in the q-adic topology to elements o/Q((g)) ®k J~ m . 

Proof. First note that (ejt>£) A |A; + 1) = because \k + oti is not a weight of 
Hence, only finitely many terms survive in ( [4.3. 1|) . 

In order to prove the convergence of ( |4.3.2j ), we may assume that Uk = v k for 
every k > m. Then 

v° m A • • • A vU A hvl A U(v° k+1 A ■ ■ ■ ) = gf ' Afc+1> ^ A ■ ■ • A ^ A /,t£ A\k + 1). 

Since (/ij, A^+i) takes only finitely many values, it is enough to show that v° n A 
• • ■ A A fivl A | A; + 1) converges in the g-adic topology. This follows from the 
following lemma. □ 

Lemma 4.3.3. Let C be an endomorphism of the K-vector space V a g of weight 
/i 7^ 0. Assume that Cz = zC . Then for any m, v° m A • • • A v° k _ x A Cv k A \k + 1) 
converges to in the q-adic topology when k tends to infinity. 



Proof. Write 



Cv° k = J2c k , u G(b k ^). 

V 



Take N and c as in (4.1.1). Then we have also the periodicity bk+N,v = z c bk,v 
and Ck+N,u = Ck,u- Hence Cf-, u is bounded with respect to the g-adic topology. 
Therefore it is enough to show that v° m A - ■ • Av k _ x AG(bk t v) A \k + 1) converges to 0. 
By Proposition |4.3.1| (vi), {b° m , . . . , b%_ 1: bk, u , b° k+l) . . . ) is not normally ordered. It 



means that either H (b k ,v®b° k+1 ) < or H (bl^b^) < 0. If H(b k>1/ ®b° k+1 ) < then 
G(b k , u )A\k + 1) vanishes. If < 0, then v^_ s A- ■ ■ f^_ 1 AG(6 fc , v )A|fc + 1) 



converges to when s tends to infinity by Proposition |4.2.4|. By shifting the indices, 



v° m A ■ ■ ■ A v k _ x A G(b k ,u) A \k + 1) converges to 0. □ 
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Let us set 

fiH = fiV° m At i \m + l)+v rn Af i v° m+1 At i \m + 2) + --- (4.3.3) 
Then it is an element of Q((g)) ®k J~m- 
Lemma 4.3.4. fi\m) belongs to T m . 

Proof. Let us take c and iV as in (4.1.1). We define the isomorphism ip m : T m — > 
J-'m+N by u m Au m+ i A - • • i— > 2 c « m Az c « m +i A - • • . Then fi\m) satisfies the recurrence 
relation 

fi\ m ) - v °m A v °m+i A • • • A v° m+N _ x A i/; m (fi\m)) 

= fi« A v° m+1 A ■ ■ ■ A iC+jv-i) ^U\m + N)e T m . 

Hence the result follows from the following lemma. □ 



Lemma 4.3.5. For fi G P\{X m }, the endomorphism of (J r m )ii given by w i— > 
w-tJ^A u m+i A • • • A v^ N _ % A ip m (w) is an isomorphism. 

Proof. It is enough to show its injectivity. We show that w = v° n A v^ +1 A ■ ■ ■ A 
v° m+N _i A ip m (w) implies w = 0. 

For b m A b m+1 A ■ • • G B(f m )^, (&m-i> &m+i, • • • ) is not normall y ord ered by 
Proposition 4.3. 1| (vii), and hence H(b^ n _ 1 ® b m ) < 0. Proposition 4.2.4 implies 
that v° m _ kN A ■ ■ ■ A^_j A G(6 m ) A G(6 m + 1) A ■ • ■ belongs to qL(F m _ kN ) for k > 0. 
Shifting the indices, we conclude that 

u m A • • • A tC +fciV _i A VW(fc-i)7V • • ■ ip m+N ip m (G(b m ) A G(b m+1 ) A ■ ■ •) 

belongs to qL(J r m ) for A; ^> 0. Therefore the homomorphism 

C : 10 h-> A • • ■ A tC+fciV-i A VW(fc-l)JV • ■ • ip m +Ntp m {w) 

sends L(jF m ) M to qL(T m )^ for A; ^> 0. This shows the injectivity of the endomor- 
phism id ( ^ m)M -C. □ 

Now we define 



ei(v A \m + r)) = e^f A|m + r), 

A |m + r)) = fiV A ti\m + r) + v A fi\m + r) (4.3.4) 

for v G A r ^aff- Then e; and /j are well-defined homomorphisms from T m to JF m . 
They satisfy 

ei(vAu) = 6iV A u + t^v A e{U 

fiivAu) = f^ AUu + v A fiU (4.3.5) 

for v G A r Kff and u G T m + r - In order to see that they define endomorphisms of 
J-'m, we need to show the following proposition (see Proposition |4.2.7|) . 
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Proposition 4.3.6. Assume that b G B a g satisfies 1(b) > i(&^J- Then we have the 
equalities in T m - 



ei(G(b) A \m+ 1)) 

fi(p(b) A^ny) 



o. 

0. 



(4.3.6) 
(4.3.7) 



The first equality Q4.3.6D follows from the fact that wt (b) + oti + A m+ i is not a 
weight of T m (following Proposition |4.3.1| (ii)). 

Let us prove (|4.3.7[) . First note that the same consideration on the weight implies 
that 

if 1(b) > l(b° m ) and wt (b) ^ wt (b° m ) + a h then (gX7| ) holds. (4.3.8) 
Hence in order to prove (|4.3.7| ), we may assume that 

wt (b) = wt (b° m ) + on. (4.3.9) 

Sublemma 4.3.7. Under the condition .3.9 ), we can write 



G(b)Av° m+1 A---Av°„ 



m+r 



U 



+ ^2 a(bo, . . . , b r )G(b ) A • • • A G(b r ). (4.3.10) 



Here u satisfies fi(uA \m + r + 1)) = ; the coefficients a(6 , 
and the sum ranges over (b , . . . ,b r ) such that 



, b r ) belong to q r A, 



wt (bj 



wt (b° m+j ) 
wt (b° m+r ) 



for < j < r 
for j = r 



(4.3.11) 



Proof. We shall prove this by induction on r. Assuming ( 4.3.1C ) for r, let us 
prove ( [4.3. 10| ) for r + 1. Since H(b r <S> b° m+T+l ) < by Lemma [4.2.2| , we can write 

G(b r ) A v° m+r+1 = J2a b ,, b „G(b') A G(b"). (4.3.12) 

Here (b', b") ranges over normally ordered pairs such that 

lK +r+1 ) < l(b') < l(K), 

l(b° m+r+1 )<l(b")<l(b r ). (4.3.13) 

If wt (b") + wt (b° m+r+1 ) + a h then we have G(b") A \m + r + 2) = and fi(G(b") A 
\ m + r + 2)) =0by ( |4XT3| ) and ( ggg ). Therefore fi(G(b )A- ■ - AG(6 r _i) AG(b') A 
G(b") A \m + r + 2)) - 0. If wt (b") = wt (b° m+r+1 ) + a u then wt (V) = wt (b° m+r ). 
Moreover Lemma |3.3.8| (i) implies ay pi G qA. Thus the induction proceeds. □ 

We resume the proof of Proposition [4.3.6| . We have 

fi(G(b) A |mTT)) = E a ( & o,---,M 

(G(b ) A • • • A G(b r ) A fi\m + r + l) 

+ J2 C(fro) A • • • A G(bj^i) A fiG(bj) A 

0<j<r 

tiG(b j+l ) A ■ ■ ■ A UG(b r ) A ti\m + r + 1)). 
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There is a constant s such that fiL a s G q s L a s, and fi\m + r + 1) is bounded with 
respect to the g-adic topology. Moreover, tiG(bj + x) A • ■ • AtiG(b r ) Ati\m + r + 1) = 

ql hi ' Xm+j+l)+2S{j<r) G(b j+ i)A- ■ -AG{b r )A\m + r + 1) and (h h X m+j ) is bounded from 
below. Hence there is a constant d independent of r such that 

fi (G(b) A \m + 1)) G q r+d L{F m ) for every r. 

This implies the equality ( |4.3.7|) in T m . This completes the proof of Proposi- 
tion OH 



Thus we have defined the action of and /, on jF m . Now we shall show the 
commutation relations between them. 

Proposition 4.3.8. On T m we have 

[e l J J ] = 5 ll (t l -tr 1 )/(q i - q ^). (4.3.14) 

Proof. First note that (|4.3.5|) implies 

[eiJ^vAu) = [ej, fj]v A tju + t^ l v A [e^, fj]u. (4.3.15) 

for v G A r Kff and u G J r m + r - Hence, it is enough to prove that the equality ( |4.3.14| ) 
holds when it is applied to the vacuum vector. If i ^ j then [e,, fj] \m) — because 
A m + Oj - atj is not a weight of JF m . 

Now we shall show [e^ /J = Here = (x — x _1 )/(gj — g 4 rl ). 

Since [ei, fi]\m) has weight A m , there is c m G if such that [ej,/j]|m) = c m |m). 
Then by (|4.3.15|) , we have 

[e h fi]\m) = [ei,fi\v° m AU\m + 1) +t~ l v° m A [e h fi]\m + 1) 

= (g!^ 1 ' [(h, X m - X m+ i)]i + qt" Xm+1 - Xm) c m+1 ) \m). 

Hence we have a recurrence relation 

Solving this, there is a constant a G if such that 

c m = [(^A^ + ^'^a for every m. (4.3.16) 
Namely we have [ei, /i](|?n)) = {{U}i + at" 1 ) |r?7.) . Hence for v G A r K,ff 

[e,, /i](-u A |m + r)) = [e h f t ]v A U\m + r) + t^ l v A [e h fi]\m + r) 

= {U} l v A U\m + r) + t^v A {{t l } l + atj x )\m + r) 
= ({ti}i + at," 1 )(w A \m + r)). 

Thus we obtain 

[ei,/i] = {Uh + at- 1 . (4.3.17) 
Let us show the vanishing of a. 
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By induction on n we can see the following commutaion relation 



e (n)^) 



E/. 

fc=0 



{n-k) e (n-fe) . 



(4.3.18) 



Setting c = (/tj, A m ), we have |m) = by Proposition |4.3.1| (iv). Hence 



fc+l) ,(c+l) 



[c+l]i! 



|m). 



Therefore there is an integer s such that a = — qf[s]i. Then the commutation 
relation ( 4.3.171) can be rewritten as 

[ei,qr s fi] = {q;%} l - 

Hence ej, q~ s fi and q~ s ti form t/ g (s[ 2 ). Then the representation theory of U q (sl 2 ) 
and Proposition [4.3. 1| (iv) implies s = 0. In fact, the string containing the weight 
of \m) (with respect to q^ s ti) is {c — s — 2n; < n < c}, and hence the symmetry 
of a string under the simple reflection implies c — s = — (— c — s). □ 

Thus the actions of and satisfy the commutation relations. By Proposi- 
tion 4.3. 1| (ii), for any i £ J and // £ P, /i + raaj is a weight of JF m only for a finitely 
many integers n. Therefore .F m is integrable over the U q (sl2)i = (e*, fi,U,t^ ) . 
This implies the Serre relations (see Appendix fB|) . 

Thus we obtain 

Proposition 4.3.9. T m has the structure of an integrable U q (g>) -module. 

By Proposition |4. 3. 1| (i), T m is a direct sum of V(\ m — /c<5)'s. This decomposition 
is studied in the next subsection through bosons. 
Note that 

is C/q(g)-linear. 
Lemma 4.3.10. 

/f ) |m) = G(/X)A|m + l). 

Proof. If k > (hi, A m ), then the both side vanish. Assume that < < (/ij, A m ). 
By Proposition [4.3.1| (iv), there is c £ -ft" such that 

F (fc) 



/rN = cG(/X)A|m + l). 



We have 



(^i> A m ) 

k 



\m). 



On the other hand, by the repeated use of (iii) in (G), we have 



,(*) 



G(f?b: 



ki° \ 

HI / 



(^i) A m ) 

k 



v m + ■ 
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Here, • • • is a linear combination of global bases other than v^, which is annihilated 
after being wedged with \m + 1) by Proposition [4. 3. 1| (v). Hence we have 



,(*) 



(G(f?b°jA\m + l) 



(e^G(f?b° m )) A \m + 1) 
{kl,Xm) v° m A\m + l). 



Comparing these two identities, we obtain c 



□ 



Let be the Z[q, g _1 ]-submodule of T m generated by the normally ordered 
wedges. Then J 7 ^ is a module over U q (g)z by Lemma |4.3.10| . Hence by specializing 
at q = 1, we obtain a Fock representation of U(g>). 

However, the action of the bosons on jF m introduced in the next subsection may 
have a pole at q — 1 and it cannot be specialized at q = 1 in a naive way. 

4.4. The action of Bosons. We shall define the action of the bosons B n (n ^ 0) 
on T m . 



Proposition 4.4.1. For n^O and any u m ,u m+ i, ■ ■ 
k~^> m, 

(z n u m A llm+l 

A u m+2 A • • • 
+ (u m A z n u m+ i A u m+2 A 
+ (u m A u m+ i A z n u m+2 A 



G such that Uk = v° k for 



(4.4.1) 



+ 



converges in the q-adic topology. 

Proof. Reducing to the case u k = v% for every k > m, apply Lemma |4.3.3| . 



□ 



Lemma 4.4.2. z n v° m A \m + 1) + v° m A z n v° m+l A \m + 2) H belongs to T m 

The proof is similar to the one for Lemma [4.3.4 . 

By these lemmas and Lemma |3.3.15| , (4.4.1) defines a homomorphism from T m 
to T m . Since L(jF m ) is stable by the correspondence (4.4.1), it induces an en- 
domorphism of T m - We denote it by B n . It is clear that B„ is a £/q(0)-linear 
endomorphism of T m with weight n5. 

By the definition, we have 

B n (v A u) = z n v A u + v A B n (u) for t> G V a fr and w G JF m . (4.4.2) 

Proposition 4.4.3. There is ^ n E K (independent of m) such that 

[B n , B n r] = 5 n+n / i0 7 n . 
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Proof. ( 4.4.2Q implies 

[B n , B n >](v A u) = v A [B n , B n ,]u. 

Since [B n , B n /]\m) has weight X m + (n+n')5 and hence it must vanish when n+n' > 
0. Therefore [B n ,B n >] = in this case. 

Assume n + n! < 0. Write [S n , B n /]\m) as a linear combination of normally 
ordered wedges: 

[B n ,B n ,}\m) = ^2c v G(h !V )A---. 

V 

Then bi jV ^ b° m . Take N and c as in (4.1.1). Then we have 

[B n , B n ,] \m + jN) = J2 CuG(zH hu ) A ■ • • . 

V 

We have also B{b° m ^^_ x ® z jc b ltI/ ) = <g) 61^) < 0. Hence by Proposi- 

tion |4.2.4j , A • • • A f^w-i A G(z jc bi :U ) A |m + jW + 1) converges to when j 
tends to infinity. Hence 

[B n ,B n ,]\m) = v? n A---Av^ jN _ 1 A[B n ,B n ,]\m + jN) 

= E c " v °m A ■ ■ ■ A u^+j-jv.! A G{z jc b 1)V ) A ■ ■ ■ 

v 

converges to 0. Therefore [B n , B n >} \m) must vanish. 

Now assume that n + n' = 0. Since [S n , -B_ n ] |m) has the same weight as \m), 
there is j m , n such that [S n , 5_ n ]|m) = 7m,n|w). Since 

[B n , B-. n ]\m) =v° m A [B n ,B- n ]\m+ 1) = 7 OT +i,n?C A\m + 1) = -f m+ltn \m), 

7m,n does not depend on m. Write 7„ for 7 mi „. Now we have [B n , B_ n ](v A \m)) = 
v A [B n , B_ n ]\m) = 7„w A \m). □ 

Now we shall show that 7„ does not vanish. 

Lemma 4.4.4. Let n be a positive integer. 

(i) z n v° k A \k + l) = 0. 

(ii) A A • ■ ■ A v° k _ x A z- n v° k A \k + 1) = for k > m + n. 

(iii) z n v° m A v° m+l A ■ ■ ■ A v%_ x A z~ n v° k A \k + 1) = for m < k < m + n. 

Here = is modulo qL(T m )- 

Proof, (i) follows from Theorem |4.2.5 . 

In order to prove the other statements, write b k = z~ k b° k . Then H(b k <8> b k +i) = 0. 



We have 



< A v° m+1 A ■ ■ ■ A v° h _ x Az n v° k = 



z m b m A z 1+m b m+1 A ■ ■ ■ A z k -\^ A z k ~ n b k . 

Since m < k — n < k — 1, it is zero modulo qL(AV a s) by Lemma 3.3.8| (iii). 
The proof of (iii) is similar to that of (ii). We have 



z n v° m A v° m+1 A • • • A vl_ t Az n v° k A v° k+1 A • • • A v° n+m 



z n+m b m A z m+1 b m+1 A z k - l b k ^ A z k - n b k A z k+1 b k+1 A ■ ■ ■ A z n+m b n+m . 
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Then it is zero modulo qL(/\V a g) again by Lemma 3.3.8| (iii). □ 

Proposition 4.4.5. For n ^ ; 7„ G K has no pole at q = and 7 n (0) = n. 

Proof. We may assume n > 0. Noting that B± n sends L{Tm) to itself, let us 
calculate the commutator modulo gL(jF m ). We have [B n , B_ n ]\m) = B n B_ n \m). 
By Lemma |4.4.4j (ii), we have 

B_ n \m) = z- n v° m A\m + l)+v m Az- n v° m+1 A\m + 2) + --- 

£ v °m A v °m+x A ■ ■ • A v ^ A z- n v° k A |* + 1). 

m<fc<m+n 

Here = is taken modulo qL(T m )- Hence we have by Lemma 4.4.4| (i) and (iii) 

B n B_ n \m) 

= £ ( £ iA^A-AzXA-A^A.-XAlHl) 

m<fc<m+n m<j<k 
+ |^) 

j>fc 7 

= n\m). 

□ 

Let if be the Heisenberg algebra generated by {£>„} n ez\{o} with the defining 
relations [B n , B n >} = 5„+„'.o7n- Then H acts on the Fock space JF m commuting 
with the action of U' q (g). Let Q[if_] be the Fock space for H. Namely, Q [//"_] is 
the if -module generated by the vacuum vector 1 with the defining relation B n l = 
for n > 0. Since \m) is annihilated by the and the B n with n > 0, we have an 
injective U q (o) <E> if-linear homomorphism 

L m ■ V(X m ) <g> Q[F_] -> .F m (4.4.3) 

sending «A m <E> 1 to |m). Comparing their characters (see Proposition [4.3. 1| (i)), we 
obtain 

Theorem 4.4.6. i m : V^(A m ) (8> Q[ii~] — ► -7~m an isomorphism. 

4.5. Vertex operator. Similarly to the case Affl in |[KMS|| , the intertwiner 

• ^aff ® m+1 * -F mi 

induced by the wedge product is related with vertex operators. Let us describe it 
briefly. The proof is similar to 



Take an intertwiner 

® m : Kfr ® V(\ m+1 ) -> V{X m ) (4.5.1) 

and normalize it by 

^ m {v° m ®u Xm+1 ) =u Xm 
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(cf. Appendix [XJ). 
Let 



:V(\ m )®®[H„]^F n 



be the isomorphism in (|4.4.3|) . 
We define 

n' m : Kfr ® ^(A m+ i) ® Q[ff_] -> F(A m ) ® Q[#_ 
by requiring the commutativity of the following diagram 



Kfr ® V(A m+1 ) ® Q[ff_ 



-> K 



id® 



aff 



m+1 



(4.5.2) 



J 7 



We shall write the intertwiners in the form of generating functions. Namely, intro- 
ducing an indeterminate w (of weight 5), we set for v G Vgg 



v(w) 

Q m (w)(v <S> u) 

n' m (w)(v®u) 



Q m (v(w) <g> u) 

n' m {v{w)®u) 



E„ n' m (z n v(g)u)w- n . 



Here u G V(X m+1 ), F m+X or V(\ m+ i) <g> Q[HJ\. 
We define the vertex operator for the bosons by 



Q(w) = exp \J2 



B_ n w r 



,n>l 



In 



exp 



E 

n>l 



In 



(4.5.3) 



Theorem 4.5.1. fi^(w) = $ m {w) (g> Q(w). 

As a corollary of this theorem, we have the relations of the two-point functions 
of the vertex operators and 7„ as in | KMS | . 
Set 

for U G Fm+l- 

For v,v' G Vas, we define ($^ l _ 1 (wi)$^ l (w2)) to be the coefficient of u\ m _ 1 in 
^ l _ 1 (wi)^ L (w 2 )ux m+1 G V(A m _i). We introduce functions by 



and 



4>v,v'{w 2 /w 1 ) 



9{w 2 /wi) 



(m — l\v(wx) A v'{w 2 ) A |m + 1) 



exp 



E 

n>0 



(w 2 /wi) T 

7n 



(4.5.4) 
(4.5.5) 
(4.5.6) 

(4.5.7) 
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Here for u G J r m -i, (m — l\u means the coefficient of |m — f) in u. Then the 
theorem above implies 

Proposition 4.5.2. Forv,v' G Vgff, we have 

^v,v'{w 2 /wi) = 4> %vl {w 2 /wi)9{w 2 /'w l ). (4.5.8) 
This formula will be used later to calculate j n . 

5. Examples of level 1 Fock spaces 

In this section we give some examples of the theory developed in the earlier 
sections. The case of level 1 type Affl described in fS], [KMS|| is first reviewed in 



the perfect crystal language. Then we present results for types A^, A 



(2) 

2n-l) 



and at level 1, corresponding to the perfect crystals of ||KMJN If Table 2 



5.1. Preliminaries. Define [m,n] := {i G Z | m < i < n}. We label the simple 

roots by I = [0,n\. We choose G / so that W c \ is generated by {sj} ie /\{o} and 
a = 1. 

We take fundamental weights {Ai} iGl such that 

Let So : -P c °i — > P° be a section of cl : P° — > P^ such that 

s (P^)c Q"i= E QK v A 4 -arAo)- 

ie/\{0} iel\{0} 

Then we have 



s (A + cl(aii)) 



s (X) + O!i foriG/\{0}, 
s (A) + a — 5 for i = 0. 



We regard K as a subspace of V a fr by V D V\ ~ (Vaff)s (A) C Ks- Then Ks 
is identified with Q[z, <g> V . With this identification, the action of U q (g) on 
Q[z, z" 1 } <S> V is given by 

ej(a®f) = 2 5i '°a (g> e^f , 
fi(a®v) = z~ Si >°a® fiV. 

Similarly we identify B clS cl subset of 5 a ff. 

In the examples that we treat in this paper, the action of U q (g) on the lower 
global base of V & q (respectively V) is completely determined by its crystal structure 
as we have 

e^ib) = [1+^(6)1^6), 

fiG(b) = [l+e^JA/ife), (5.1.1) 
q h G{b) = q {h ' wt{b)) G{b), 

for b G (beB),ieI and h G P* (h G P^). 
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5.2. Level 1 A®. 

5.2.1. Cartan datum. The Dynkin diagram for A$ {n > 1) is 



n-l — • • ■ — 4 

For we have 

8 = ^2 an, 

iei 

c = 

(ai,«i) = 2 (i6/). 

5.2.2. Perfect crystal. Let J := [0, n]. Let V be the (n+ l)-dimensional C/'(A^)- 
module with the level 1 perfect crystal B := {6j}j 6 j with crystal graph: 

b — > 6i 6 2 

Ot 13 

6 n : 

nf J,n— 3 

~b n -2 < 

n— 1 n— 2 

The elements of B have the following weights 

wt (k) = A m - Ai (ieJ). 
Let Uj- := G?(6j) (j G J). The action of on Vj E V obeys (5.1.1). 

5.2.3. Energy function. The energy function H takes the following values on B®B 



H(bi ® 6 



1 for z > j, 
for i < j. 



Write H(i,j) for fl"(6< <g> fy) E J). 

The Coxeter number of A$ is /i = n + 1 = dim V. We take / : B^ — > Z to be 

Z^fy) =mh-j (me Z,j E J). 



The functions if and Z satisfy condition (L) (see end of §3^2) . The map I gives a 
total ordering of £> a fj. 



3G 



5.2.4. Wedge relations. We have 

N := U q (A^)[z <g> z, z" 1 <g> z" 1 , * (8) 1 + 1 ® z] • v ® u C Vaff <g> Ks • 
The following elements are contained in U q (A%>) ■ v o <S> v o C N: 

Ci t i = Vi®Vi (i e J), 



a, = Vi®z- H M 



+qz- H ^ Vj ® t;, ((ij) G J 2 \ {(A;, k)} k£j ) 



Proposition 5.2.1. Identify C it j with C b . )Z -n(i,i) b .. Then {z m g) z m ■ Ci t j} me z;i,jeJ 
with the function I satisfy condition (R) of subsection jO| . 

5.2.5. Fock space. For U q (A^) we have 



^cDx = {Af}* 



e(bj) = Af, ipfo) = A? +lmodh (j G J). 



with 

Since ® = 1 (j G [1, n]) and i?(6o ® 2& n ) — 1 there is a unique ground 
state sequence given as follows: every m G Z fixes uniquely a G Z and J G J such 
that m = ah — j, then 

?4 = 2^ (meZ), 
cl(A m ) = Aj+imodfe (m G Z). 
With = the vacuum vector of T m is then given by 

\ m ) ^v^av^ +1 av^ +2 a 

with highest weight A m . 
5.3. Level 1 A^. 

(2) 

5.3.1. Cartan datum. The Dynkin diagram for A 2l [ (n > 1) is 



For A 2 n we have 



n-l 
i=0 

'8 for i = 0, 
4 for i G [l,n - 1] 
2 for i = n. 
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5.3.2. Perfect crystal. Let J := [— n, n]. Let V be the (2n + 1) -dimensional 
U' q {A 2n )-module with the level 1 perfect crystal B := {6j} ig j and crystal graph: 

, 1,2 n— 2 , n— 1 , 

Oi — >»2 — > — >K-i — ► K 

in 

b ■ 

in 

The elements of B have the following weights 

n 

wt (&») = ^a fe = (1 + 5i, n )Ai - Ai-i {i e [1, n]), 

fc=i 

wt(6o) = 0, 

wt(6_0 = -wt(fei) (ie[l,n]). 
Let «j- := G(bj) (j E J). The action of U' q (A^) on Vj E V obeys (5.1.1). 

5.3.3. Energy function. Define the following ordering of J 

ly2y--->~n>~0> — nyl-ny ■■■ > — 1. 
The energy function H takes the following values on B ® B 



H(bi®Vj) 



1 ior(i,j)E{(i'J')E J 2 K^j'}U{(0,0)}, 

l"fceJ\{o}- 



ior(i,j)E{(i f ,f)EJ 2 \i'yf}U{(k,k)} t 



Write H(i,j) for Hfa ® fy) (i, j G J). 

The Coxeter number of is ft, = 2n + 1 = dim V. We take / : B^ -»• Z to be 

!/im + n + 1 — j for j E [1, n] , 
to for j = 0, 

/im — (n + 1 + j) for j G [— n, —1] . 

The functions if and I satisfy condition (L) (see end of § |3.2| ). The map / gives a 
total ordering of B^. 

5.3.4. Wedge relations. In V a g <8> V^g we have 

N := ^(iS^^z.z' 1 ® z -1 ,2:® 1 + 1 <g> *] • «i ® v x . 
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The following elements are contained in U q {As 2 n) • v± <g) v± C N: 

Q,i = Vi®Vi (ieJ \ {0}) , 

Ci _i = Vi <g> z-^'-^u-i + g 2 ^+i <g> 

+? 2 z -H(i,-i) u _._ i g 

g v . (i E J\ { — 1, 0, n}) , 

Cij = ® z~ H{i ' j) Vj 

Co,q = ® z^vq + g 2 [2]w_ n ® z _1 f n 

+q 2 [2]z~ 1 v n <g> f_ n + g 2 ^" 1 ^ <S> t>o, 
C n _ n = v n ® v„ n + qv ®v + q 4 v_ n <g> v n , 
(5-1,1 = u_i <g> z~Vl + ? 4 z -1 i>i ® ^-l- 

Notice that each Cij has Vi®z~ H ^^'Vj as its first term and a term in z~ H ^ l, ^Vj®Vi. 
Define the following elements in N. 

'Ci, 3 for G J 2 \ {{k, -k)} k€j , 

c = E n k=t (-Q 2 ) k ~ l C k ,- k for e {(k, 

C ,o-g 2 [2]C_ n , n for (z,j) = (0,0). 
Explicitly for (z, j) G {(A;, — &)}fc g j, we have 

Cj-j = vj <g> u_j + g 4 w_j <g> + q(—q 2 ) n ~ j v <g> 

n 

-(1-g 4 ) £ C-? 2 )*-^-*®^ (jG[l,n]) f 
fe=j+i 

C—j-jj = u_j (g> + g 4 z _1 t>j (gi 

-(l-^EC-? 2 )^" 1 **®*-* U G M). 
fe=i 

Co,o = <g> z -1 ^ + <7 2 2 _1 ^o <g> 

n 

+g 2 [2](l - g 4 ) £(-g 2 ) n ~VV ® 
fc=i 

Proposition 5.3.1. Identify C it j with C h . Z -H(i,j) h .. Then {z m ® z m ■ Cij} me ^ij e j 
with the function I satisfy condition (R) of subsection p\3| . 

5.3.5. Fock space. We have -B m i n = {bo} and [P^)i = {A^ 1 }. Since H(bo,bo) = 1 
we have a unique ground state sequence (up to an overall shift by z k {k G Z)): 
= and A m = A„ (m G Z). Therefore the vacuum vector of the Fock space 

\m) :— v A Vq A Vq A fo A (m G Z). 
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We set wt (\m)) = A n . 

As an illustration of the use of the g-adic topology, let us check Proposition |4.3.§ 

t ._ t -i 

on m): i.e. that [ej,/i] • m) = - — »=r • \m). The case i E I \ {n} is trivial. For 



e n |m), consider first v n A |m + 1) = (— g 2 )- ? (fo) A; ' A t>„ A |m + j + 1) (j G N). As 
j — > oo, the vector vanishes by the g-adic topology on T m . Hence 



e n ■ \m) = Y,( v o) Aj A ( e « ' v o) A |m + j + 1) 

3=0 



[2]EW Aj A^A|m + j + l) 

3=0 

0. 



For f n we have 



fn-\m) = Y,( v oT j A(/„-uo) At n |m + j + l) 

oo 

= 9[2]EW Ai Af-r,A|m + j + l) 
i=o 

oo 

= g[2] ]T(-g 2 )V n A |m + 1) 
i=o 

= g[2](l + g 2 )-^_ n A |m + l) 
= f - n A |m + 1). 

Then since 

e„ • / n • |m) = e n • t>„ n A |m + 1) 
= f A |m + 1} 
= \m), 

and [(/i n ,A n )] n = 1, this completes the check. 
5.4. Level 1 fiW. 

5.4.1. Cartan datum. The Dynkin diagram for 5^ (n > 3) is 
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For we have 



i=2 
n-1 

ho + h + (J2^hi) + h r , 

i=2 

4 for i G [0, n - 1] , 
2 for i = n. 



5.4.2. Perfect crystal. Let J := [— n, n]. Let V be the (2n + l)-dimensional 
U'(B^) -module with the level 1 perfect crystal B := {6j}j g j with crystal graph: 



u 2 u 3 
6 2 — >h — 



6-2 V 6-3 ^ 



n— 2 t rt— 1 t 
>°n-l ► On 

bo 

in 

■ i 6l- n < "6_n 

n— 2 n— 1 



The elements of B have the following weights 

n 

wt (6i) = ctk = (1 + <$i,„)Ai - Aj_i - 5i, 2 Ac 



(i G [l,n]), 



wt(6 ) = 0, 

wt (b-i) = — wt (bi) (i G [l,n]). 
Let Vj := G(bj) (j G J). The action of U' q (B^) on Vj G V obeys (5.1.1). 
5.4.3. Energy function. Define the following ordering of J 

l>~2>~--->~n>~0> n y 1 - n >- ■ ■ ■ > 1. 

The energy function H takes the following values on B ® B 

[2 for(i,j) = (-l,l), 

l for (ij) e {(i'J) e J 2 \ {(-l, l)} | i' -< j'} u {(0, 0)}, 
o for (i,j) e {(i',f) e J 2 1 i'yj'} u {(k,k)} keA{0} . 



H(bi <g> bj) = < 



Write if(i, j) for #(6; <g> fy) (i, j G J). 

The Coxeter number of B^ is h = 2n = dimV — 1. We take / to be 



l(z m b 3 ) 



hm + n + 1 — j for j G [1, n] , 

/im for j = 0, 

hm — (n + 1 + j) for j G [— n, —1] . 



The functions H and / satisfy condition (L). Note that l(z m bi) = Z(z m+1 6_i) (m G 
Z), so the map / gives a partial ordering of B aS . 
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5.4.4. Wedge relations. We have 

N := U q (B^)[z <g> z, z' 1 <g> z~\ z ® 1 + 1 <g> z\ ■ v x <g> v x C Ks ® Kfr- 
The following elements are contained in U q {B^>) ■ vi <8 i>i C N: 



Vi <g V ? ; 



(<G J\{0}), 



<g 



a 



Ui <8 z- H{i ' j) Vj 

+q 2 z~ H(i ' j) v j (g ^ 



(»e J\{-l,0,n}), 



C ,o = v <3 z 1 v + q 2 [2]v^ n 



Z V r . 



c 

C-i.i 



+q 2 [2]z~ 1 v n <g v_ n + q 2 z~ 1 v <g> v , 
v n <g v_ n + qv <g) v + q 4 v- n <S> v n , 
V-i (g z~~ 2 Vi + q 2 z~~ 1 v_2 <H> z~ l v 2 

+q 2 z~ 1 v 2 <g z~ l V- 2 + 5 ,4 -2~ 2 fi <g 



Each Cjj has Vi <g z ^ ,3 >Vj as its first term and a term in z 



-H(i,j) 



Vj <g Vi 



Define the following elements in N. 

'Cij for G J 2 \ {(k, —k)}kej, 

Yr k=l (-q 2 ) k - l c k ,- k for (ij) G {(fc, -k)} ke[1 , nh 

E{ =2 (-Q 2 y- k C- k , k for G {(-k,k)} ke[2>n] , 

C 0fi -q 2 [2]C^ n for(i,j) = (0,0), 

- g 2 ^ 1 ® ^ 1 )C 2 ,_ 2 for (i, j) = (-1, 1). 

Explicitly for G {(/c, — /c)}fe g j, we have 



:— < 



C-j,j 



Vj (g + q A v_j (g ^- + q{-q 2 ) n j v <g 

fc=j+i 

f _j (g 2 _1 t> j + g 4 z _1 f j (g f _j 

-(i-? 4 )i;W) i " fc «" 1 «*®«-fc 



fc=2 



g 2 ) J ' ^ % (8) v-! + v-! <g> 2 V) (je[2,n\), 



Cq,o 



v (g z 1 v + q 2 z 1 vq (g vq 



+g 2 [2](l-g 4 )E(V) 



:i '-" k z 1 v k ®v^ k 



k =2 



+q 2 [2}(-q 2 ) n -\ Z - l v 1 <g> u_! + v_i <g> 



C-i, 



V-i ® z 2 v i + g 4 ^ 2 f ! (g f _! 
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n 

+q(-q 2 ) n - l z~ 1 v ® v - (1 - g 4 ) ^(-g 2 )*" 1 ^-* <g> v k . 

k=2 



Proposition 5.4.1. Identify Cij with C huZ -H(i,j) h .. Then {z m ® z m ■ Cij} m( zz;i,j£j 
with the function I satisfy condition (R) of subsection [Q| . 

5.4.5. Fock space. For U q (B^) we have 

B m m = {bi,b Q ,b_i}, 
(P+), = {A* A* A*}, 

with 

e(b x ) = A^ 1 , e(6o) = A^ 1 , e(6_!) = Af, 
<p(Jk) = Af, ^(6b) = A^ 1 , ^(&_i) = A^ 1 . 

Since H(b <g>b ) = 1, H(bi®zb-i) = 1 and -l <8>&i) = 1, there are two ground 
state sequences (up to overall shifts by z k (fc 6 Z)): 

b° m = b Q (meZ) 



A m = A n (m G Z) 

and 



6° 



in 



A, 



6i for m G 2Z, 

for m G 2Z + 1, 

Ai - ^5 for m G 2Z, 



2 

n 

"2 



A - ^5 for m G 2Z + I. 



The vacuum vectors are respectively 

\m) :— Vq A Vq A i>o A Vq A (m G Z), 

with wt (|to)) = A n , and 



|m) 



A zv-i A f i A for m G 2Z, 

zv-i A f i A A for m G 2Z + 1 



with wt (|ra)) = Ai - f5 (m : even), A - (m : odd). 



5.5. Level 1 A (2) 



2n-l- 
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5.5.1. Cartan datum. The Dynkin diagram for A^n-i {n > 3) is 



■ n— 2 n— 1 • 



For A2„_! we have 



n-l 



c = 



i=2 

h + h 1 + (E 2 ^)' 

i=2 

'2 fori e [0, n-l], 
4 for « = n. 



5.5.2. Perfect crystal. Let J := [— n, — 1] U [l,n]. Let V be the (2n)-dimensional 



U'JA^-ij-module with the level 1 perfect crystal B := {bi} ieJ with crystal graph: 



7 2,3 
»2 >»3 



n— 2 , n— 1 t 

— >o„_i — > 6 r , 



61 6_i 



(i G [l,n]), 



n— 2 " n— 1 

The elements of S have the following weights 

wt (bi) = a n /2 + ^ = Ai - Aj_i - 5 ii2 A 

fc€[i,n— 1] 

wt(6_i) = -wt(fei) (ie[l,n}). 
Let ^ := G(6j) (j G J). The action of U' q (A^-i) on ^ G V obeys (5.1.1). 
5.5.3. Energy function. Define the following ordering of J 

1 y 2 y ■ ■ ■ y n > — n ^ 1 - n ^ • • • > — I. 
The energy function if takes the following values on B®B 
[2 for(i,j) = (-l,l), 

If (k ® 6,.) =1 for e {(i'J f ) e J 2 \ {(-1, 1)} I i' -< 3'} , 

[0 for G {(i',/) EJ 2 \t'y 3'} U {(&;, A;)} fceJ . 

Write H(i,j) for <g> bj) G J). 

The Coxeter number of A^-i is h = 2n — 1 = dim V — 1. We take / to be 



l{z m b 3 ) 



J /im + 



n - 3 



for j G [l,n] , 



\hm — (n + l+j) for j G [— n, —1] . 



The functions H and / satisfy condition (L). Note that l(z m bi) = l(z m+1 b^ 1 ) (m G 
Z), so I gives a partial ordering of B^. 
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5.5.4. Wedge relations. We have 

N := U q {A$l_^)[z ® z, z' 1 ® z" 1 , z ® 1 + 1 ® 0] • Vi ® vi C ® Kfr- 
The following elements are contained in ^(^n-i) ' ^1 ® ^1 C N: 

(i e J), 



Ci-i 



r 

^n,—n 
C-IA 



V { <g> 



-«■(<,-*■), 



V< ® Z~ H{i ' j) Vj 



v-i <&Vi (i e J \ {-l,n}) , 

(z,i)G J 2 \ {(*,*), (*,-*)}*=./ 



-qz~ Hii ' j) Vj <g> 



+qz~ 1 v 2 ® z -1 ?;^ + g 2 z~ 2 -ui ® 



Each (7y has (2) z H ^'^Vj as its first term and a term in z H ^>Vj 
Define the following elements in N. 



Vi. 



a 



Cij for G J 2 \{{k,-k)} keJ , 

E n k=l (-Q) k - l Ck,-k for G {(k, —k)}ke[i, n ], 

Ek=2(-q) j ~ k C~k,k for G {(-k,k)} ke[2 , n] , 

6_ M - <g> z" 1 )^ for = (-1, 1). 



Explicitly for (z, j) G {(/c, — fc)}fc g j, we have 



Vj (g> + g 2 f-j <8> 
?i 

-(1-g 2 ) £ (-g) fc -^ fc ®t; fc 
fc=i+i 

V-j ® z~ Vj + q 2 z~ 1 Vj V-j 

3-1 

-(1 - g 2 ) ^(-g)^ W <g> 

k=2 



x (z V ® v-i + u_i (8 z %) (je[2,ra]), 



C-i. 



u_i <S> z 2 v i + g 2 z 2 t>i ® u_i 



-(1 - q 2 ) W fc ® z~ l v k . 



k=2 



Proposition 5.5.1. Identify Cij with C bi Z -H(i,i) b .. Then {z m ® z m ■ Cij} me i-i,jej 
with the function I satisfy condition (R) of subsection |3.3| . 
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5.5.5. Fock space. For U q (A^n-i) we have 

W)i = {A^Ao 1 }, 

with 

5(60 = A* e (6_0 = A?, 
^(60 = A?, <^-i) = Ag 1 . 
Since if (6i <E> 2&-1) = 1 and H(zb^ 1 <g> 6i) = 1 there is one ground state sequence: 



6 m = 



Am — 

The vacuum vector of T m is 
|ra) :- 



6i for m e 2Z, 

formG2Z+l, 

Ai - f 5 for m G 2Z, 



2 

"2 



A -^<5 formG2Z + l. 



f i A A f i A for m G 2Z, 

A v± A A for m G 2Z + 1, 



with wt (|m)) = Ai - f 5 (m : even), A - ^5 (m : odd). 
5.6. Level 1 

5.6.1. Cartan datum. The Dynkin diagram for (n > 4) is 

2 3 n-3 n-2 n . 

1 n-l 

For Z?^ 1 ) we have 

n-2 

5 = « + «1 + 2a «) + + 

i=2 

n-2 

n-l n j 

i=2 

(ai,^) = 2 (i G J). 

5.6.2. Perfect crystal. Let J := [— n, — 1] U [l,n]. Let V be the (2n)-dimensional 
U' q (D^)-modu\e with the level 1 perfect crystal B := {bi} ie j with crystal graph: 

7 2,3 n-3 , n-2 , 

o 2 — >h — s- — >b n _ 2 — >K-1 



1/ \0 n-l/ \n 

bi b-i b n b- n 

0\ /l n\ /n-l 

b -2^—b_ 3 ^— <— b 2 - n &l-n 

2 3 n— 3 n— 2 
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The elements of B have the following weights 



n-2 



Wt(fcj) = a k) + ( a n-l + 0£ n )/2 

k=i 

= Aj - Aj_i + 5i, n -iA„ - 5 ii2 A (i G [1, n]), 
wt(6_i) = -wt(6i) (ie[l,4 
Let Vj := G(bj) (j E J). The action of U' q {D^) on Vj E V obeys (5.1.1). 
5.6.3. Energy function. Define the following ordering of J 

1 y 2 y ■ ■ ■ y n > — n y 1 - n y ■ ■ ■ > — I. 
The energy function H takes the following values on B ® B 

'2 for(i,j) = (-l,l), 

1 for G {(i'J') E J 2 \ {(-1, 1)} | i' -< j"} U {(n, -n)}, 
[0 for (ij) E {(i'J') E J 2 \ {(n, -n)} | i' >- /} U {(fc, A:)} feeJ . 



Write H(i,j) for if (fy <g> fy) E J). 

The Coxeter number of is /i = n + 1 = dim V — 2. We take / to be 



l(z m bj) 



hm + n — j for j E [1, n] , 
/im — (n + j) for j G [— n, —1] . 



The functions H and / satisfy condition (L). Note that l(z m bi) = l(z m+1 b-i) and 
l(z m b n ) = l(z m b- n ) (m E Z), so I gives a partial ordering of B aS . 

5.6.4. Wedge relations. We have 

iV := ^(DWjjz <g> z, z~ l <g> z®l + l®z]^i®t)iCKft® Kff- 
The following elements are contained in U q (D^) ■ v± ® Vi C N: 
Ci,i = Vi®vi (i E J), 

+? 2 z -H(i,-i) v _. ^ v . (i G J \ { — 1, /i}) , 

Cij = Ui <g> z~ H{i ' j) Vj 

+qz- H ^ Vj ® ^ ((i, j) G J 2 \ {(A;, fc), (A;, -A;)} feGj ) , 

+g2T 1 w„_i <g> t>i_ n + q 2 z~ 1 V- n ® u n , 
(7-1,1 = v-i <g) z -2 ^ + gz -1 ^ <g) z -1 ^ 

+qz _1 V2 ® -2~ 1 v_ 2 + g 2 -2~ 2 -wi <8> v-i- 

Each has t>; ® z~ H ^Vj as its first term and a term in z~ H ^Vj ® t>;. 

47 



Define the following elements in N. 



Esb(-9)*^<v* 

C n ,—n QC*l—n,n—l 



for e J 2 \ {(k, -k)} keJ , 

for e {(k, -A;)}fc G [i,n-i], 

for e {(-k,k)} k& [2, n ], 

for = (n, -n), 



tf_ lfl - g^" 1 ® ^ 1 )C 2) _ 2 for = (-1, 1). 
Explicitly for G {(A;, — k)} k( zj, we have 



c. 



-j -j 



n-1 



fc=j+l 

-q) n ~ 3 (v n <g + w_ n <g> u„ 



f _j (g z 1 Vj + q 2 z 1 Vj (g> 
j-i 

fc=2 

—q) j ~ 1 (z~ 1 Vx (g) u_i + u_! <g> z -1 t>i) 

z _1 w_ n + g 2 ^" 1 ^ (g) w„ 
n— 1 

i-g 2 )£(-g) n -VV<g^ 

fc=2 

-q) n - 1 (z~ 1 v l (g U_j + «_! <g Z~ V) 
f _i (g z~ 2 v\ + q 2 z~ 2 V\ (g d_i 



n-1 

i-9 2 )EH) 

fc=2 

-9) 



fc 1 Z 1 V_ k (g Z ^fc 



l " 1 (z~ 1 v r> (g) 2 V 



2 1L 



u„ 



Proposition 5.6.1. Identify Cij with C b . jZ -H(i,j) b .. Then {z T 
with the function I satisfy condition (R) of subsection [Q| . 

5.6.5. Fock space. For U q (Dj^') we have 



B n 



ci n 



{6i,6_i,& n ,6_„}, 
{A?,A* Ati.Aj}, 



with 



e(6-i) = A?, 



Ad 
- /i > 



= A cl 

Ad 

-' l n-l> 



= Af 
^(6 n ) = Ati, 
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Since H(bi <g> zb_ x ) = 1, H(zb^ 1 <g> b x ) = 1, H(b n ® 6_ n ) = 1 and H(b_ n ® 6„) = 1, 
there are two ground state sequences: 



\n — 

and 



bi for m G 2Z, 
^6_x formG2Z+l, 

Ai - ^5 for m G 2Z, 



2 

"2 



forme2Z+l, 



A 



m 



6 n for m G 2Z, 
6_ n formG2Z + l, 

A n _! for m G 2Z, 
A n formG2Z + l. 



The vacuum vector of jF m are respectively 



\m) 



V\ A zv-i A V\ A for m G 2Z, 

A f 1 A A for m G 2Z + 1, 



with wt (\m)) — Ai - y5 (m : even), A - ^^tf (m : odd), and 



|m) : = 



t> n A f _ n A v n A forme 2Z, 

i>_„ Av n A V- n A for m G 2Z + 1, 



with wt (\m)) = A n _i (m : even), A n (m : odd). 



5.7. Level 1 D^. 



f2^ 

5.7.1. Cartan datum. The Dynkin diagram for D n l x (n > 4) is 



(2) 

For we have 



S = J2 a i' 

n-l 

c = h + (Yl 2h i) + h n, 
i=l 



2 for i G {0,n}, 
4 for i £ I \ {0, n}. 
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5.7.2. Perfect crystal. Let J := [—n,n] U {(f)}. Let V be the (2n + 2)-dimensional 
[7g(D^ 2 | 1 )-module with the level 1 perfect crystal B := {bi} ie j and crystal graph: 

, 1,2 n— 2 , n— 1 , 

Ol — >»2 — > — ►On-i — > b n 

0| in 

of in 

& -2 * T &l-n &-n 

1 2 n— 2 n— 1 

The elements of B have the following weights 

n 

wt (60 = X|afc = ( 1 + <J i,n)A i -(l + 5i ) i)A i _ 1 (ie[l,n]) 

fe=i 

wt(6o) = 
wt(fy) = 

wt(6_0 = -wt(6i) (ie[l,n]). 

Let := G(bj) (j G J). The action of U' q (D {2) +1 ) on Vj G V obeys (5.1.1). 

Let J := J\ {0}. Let V denote that subspace of V spanned by {vj}j € j . Then, 
V a fr decomposes into two L^Z^+^-modules: 

KfT = (Vb®C[z 2 ,Z- 2 ] +^(g)zC[z 2 ,Z- 2 ]) 

©(Vo®^* 2 ,* -2 ] +v 4> ®C[z 2 ,z- 2 ]). 

5.7.3. Energy function. Define the following ordering of J 

l>-2>---->-n>-O>--ra>-l-ra>---->--l>-0. (5.7.1) 
The energy function H takes the following values on B ® B 

(2 for G {(i',f) G J 2 | i' -< j'} U {(0,0), (0,0)}, 
ff(6i ® bj) =1 for (i, j) G {(fc, 0), (0, fc) G J 2 | fc G J \ {0}}, 

[0 for G {(*',/) G Jq I i'yj'} U {(fc, fc)} fceA{0 ^}. 

Write H(i,j) for fZ"(6j <g> bj) G J). 



The Coxeter number of -D^+i is/i = n+ l = i dim V. We take I to be 



Z(^-) 



hm + n + 1 — j for j G [1, n] , 
hm for j G {0, 0}, 

hm — (n + 1 + j) for j G [— n, —1] . 



The functions H and / satisfy condition (L). Note that l(z m b ) = l{z m b^) and 
l(z m bi) = l(z m+1 bi_ h ) (m G Z and i G [l,n]), so Z gives a partial ordering of B aS . 
(I gives a total ordering of each of the crystals of the two irreducible submodules.) 
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5.7.4. Wedge relations. In ® we have 

N := U q {D {2) +1 )[z <g> z, z' 1 ® z' 1 , z ® 1 + 1 <g> z\ ■ v x <g> v x . 
The following elements are contained in U q (D^l 1 )[z (g> z, z" 1 ® ■ Vi®V\ C N: 



Ci,i 



Vi ® Vi 



(ie J\{O,0}), 



(iG J\{-l,O,0,n}), 



((i,i)e J 2 \{(M), W), 

Co,o = Vo®z- 2 v + q 2 [2}v_ n ®z~ 2 v n 

+q 2 [2]z~ 2 v n <g> -u_ n + q 2 z~ 2 v <g> u , 

C'n -n = <8> ^-n + <^0 ® f + q 4 V^ n ® D n , 

(7-1,1 = v-i <S> -2~ 2 -Wi + qz~ x v^ ® z~ 1 v ( p + g 4 z~ 2 Wi ® V-\, 
C<f>,4, = ® z~ 2 v^ + q 2 [2}z~ 1 v 1 (g) 

+g 2 [2]z _1 -u_i <g) + q 2 z~ 2 v<p <g> u^. 

Notice that each (7jj has Vi®z~ H ^^Vj as its first term and a term in z~ H ^^Vj®Vi 
Define the following elements in TV. 

a, 



a 



"1,3 



Efc=i(-9 2 ) fc_<c, fc,-* 



for G J 2 \{(/c,-A;)} fee j, 
for (i, j) G {(fc, -fc)} fce [i,„], 

EL^-? 2 )^"*^-*,* fOT (*. i) e {(-^ *0}ke[l,n], 

Co, -? 2 [2]C_ n ,„ for (i,j) = (0,0), 

- g 2 ^^" 1 (gi^d,.! for = (0,0). 

Explicitly for (i, j) G {(/c, — /c)}feej U {0}, we have 



■3,3 



= Vj ® + g 4 w_j <8> u,- + q(-q 2 ) n j v ® w 

-(1-g 4 ) £ (-(Z 2 )* - ^-* ® (J'e[l,n]), 

k=j+l 

~ 2 Vj + q 4 z~ 2 Vj ® f _j + q(—q 2 ) j ~ 1 z~ 1 v ( f ) ® z -1 *? 
-(1 -9 4 )EW) i_ ^" 2 «fc®«-fc (J e Ml), 



fc=i 



Co,o — 



C, 



0,0 



w ® z 2 v + q 2 z 2 vq® Vq + q[2](-q 2 ) n z l v (j) ®z 1 v <t> 

n 

-[2]{l-q^{-q 2 T +1 ~ k z- 2 v k ®v. k) 
k=i 

z^Vtp + q 2 z~ 2 v 4> <g> + g[2](-g 2 )"z- 1 w <g> -2 _1 w 
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k=l 



Proposition 5.7.1. Identify C^j with C b ^ z -H(i,j) bj . Then {z m ® z m ■ Cij} me z;ijej 
with the function I satisfy condition (R) of subsection [3.3| . 

5.7.5. Fock space. For U q {D^] rl ) we have 

B m \ a = {60,^}, 

(P+), = {A^AS 1 }, 

with 

e(bo) = At e(&*) = A* 
V (b ) = At tpfo) = Af. 

Since H(b <8> z" 1 ^) = 1 and H(b<p <g> z~ x b^) = 1, there are two ground state 
sequences (see also the remark at the end of §6.6|): 

b° m = z~ m b (meZ), 

cl(A m ) = A n (m e Z), 

and 

6^ = (meZ), 

cl(A m ) = A (meZ). 

The vacuum vectors of jF m are respectively 

| m ) : = ^"X, A ^- m - 1 w A z- m - 2 v A (m G Z), 

with wt (|m)) = A n , and 

| m ) : = 2 - m t, a z"™" 1 ^ A ^- m " 2 ^ A (m6Z), 

with wt (|m)) = A . 



6. Level 1 two point functions 

In this section we calculate the boson commutation relations using the decompo- 
sition of the Fock space vertex operator into a product of a U q (g)-vertex operator 

and a bosonic vertex operator (Theorem |4.5.1| ), for level 1 -D^ 1 ** 

and -D„+i- The two point functions of the level 1 -vertex operators that we 

use are due to Date and Okado ||D(J|| (except for type D y n l x which is given in 



'n+1 

Appendix |C|) . 
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6.1. Summary. In the following table we list the dual Coxeter number h v := 
J2 ieI a 4 v , p := g ("o,ao)/(2<) and £ . = (_)r-y* v f or g = jM f types AW, 42, £W, 

41i and L>«. 






AO) 

n 


A(2) 
A 2n 


n 


A (2) 
/1 2n-l 


£)(1) 
n 


h y 


n + 1 


2n + 1 


2n - 1 




2n - 2 


V 


q 










t 


g n+l 


_g2(2n+l) 


q 2(2n-l) 


-q 2n 


g 2„-2 



Proposition 6.1.1 ( ||KMS|| ). For 4° o* fcve/ 1, we have 



Tr. 



m- 



1-9 



2m ' 



See |[KMS|| §2 for the proof. 

Let = be of type 4n\ -^n^j 42- i or Let be one of the vacuum 
vectors of the U q (o)-Fock modules described in the previous section. For each type, 
direct calculations of B m ■ B_ m ■ \q) for small m, suggest the following result. 

Theorem 6.1.2. For g = Xfi G {42, Bg\ 42-i, D®} at level 1, we have 

i + e m 



7" 



m- 



V 



2m ' 



In this section we prove this theorem case by case using Proposition [4.5.2| . We 

(2) 

also give a corresponding result for level 1 -D„+i- 



For this boson commutation relation, the boson two point function (|4.5.7| ) is 



9(w 2 /w 1 ) 



(6.1.1) 



(p 2 W 2 / Wi, i 2 )oo(iw 2 / Wi, ' 

Let us introduce the operator Z(t, d) G End (Kfr ® Kff) defined by: 
Z(t, d) := z* ® z d ' 1 + 5(2t > d)z d - t ® z* - 5(2t < d)z* ® z d_ * (t, deZ). 
Note that d) is a symmetric Laurent polynomial in z® 1 and 1(g) z, so we have 



Lemma 6.1.3. Z(t,d) ■ N C N (t,deZ). 



(2) 

6.2. Type A 2r [. Recall we have A„ 
intertwiner maps 

$ m : Kff ® V(A n ) -> V(A„) (m G Z). 
From [ pO|| , (up to a factor of a constant power in w 2 /wi) we have in our nota- 



A n and 6^ = b (m G Z). So the level 1 



(i-/ +1 %M) 

(p 2/l v + 2 w 2 / wi ; P 2h V ) 00 ( ~P 3h V w 2 / wi ; p 2h v ) c 



tion (gjSj5|) 

(pv ,v (w 2 /w 1 ) 



x- 



; -p hV + 2 w 2 /wi ; p 2h v ) oo (p 2?tV iy 2 /wi ; P 2/tV ) 00 
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Define 



gj(t) := (m - l\z l Vj A z t v_ i A \m + 1) (j G J;t G Z). 



Note that ^o(O) = 1, = (j G [l,n]) and #(t) = (j G J; t G Z <0 ) 



Proposition 6.2.1. go(t) satisfies the following recurrence relation 

9o(t) - (P 2 - P hV ) 9 o(t - 1) - p hV+2 g,{t - 2) = 

5 t ,o-(l+/ V+1 )5 t ,i+/ V+1 ^2. (6.2.1) 



Proof. The proof for n > 1 goes as follows (the exceptional case n — 1 is similar). 
First note that any element in N, that is generated by Cj-j (j G J), gives rise to 
a linear relation of some gk(t) (k G J, t G Z). For example (2 (g) 1 + 1 (8) 2) • Co,o 
gives 



flb(l) + ^o(O) + g 2 [2](l - g 4 ) E(-? 2 ) n ~V(0) + g (0) = 0. 

k=l 

From Cf.^ (k G [l,n]) we get 

^(0) + g(-g 2 ) n ^o(0) = 0. 
Combining these two relations, we get 

^(l) + (l-g 4 + g 4 " +2 + g 4 ™ +4 K(0) = 0, 



which is Q3.2.1D with t — 1 



The recurrence relation in the general case (t G N) comes from 



A t ={Z(t,l)- P hV+1 Z(t- 1,1)) -C Q)0 

n 

+[2](i - P 2 )(- P r +i e((-p)"^(* - 1. °) • <v-i 

-(-p)^(t-l,l).C7_ w 
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Let A£ denote the image of A t in A V a fj. We have: 
(m - l\A$ A |to + 1) = 

0o(*) - (p hV+1 -p)go(t ~ 1) -p hV+2 9o(t - 2) 



+[2](i - p 2 ){ - Y.(-pT +1 ~ 3 - 1) - (-pf +1 gAt - 2)) 

1 3=1 

+ t(-P) n+1 ' j (9j(t-l)+p 2 9- j (t-l 

3=1 



(_ p )fe V _ ( _ p ) 
1 -P 2 



^ :r^ ^(t - 1) 



-(i- P y + ^(-y[j-i]^(t-i) 



3=1 



- (i-p 2 / +i E(-ri«-^(i-2) 

3=1 

+ 5(2t> l)g (l -t)-5(2t<l)g Q (t) 

- / v+1 (5(2t > 3)g {2 - 1) - 6(2t < 3)g (t - 1)) = 0. 



All terms in g k (k G J \ {0}) cancel and the proposition follows. □ 



The two point function of Fock intertwiners ( |4.5.4 ) is given by 
Corollary 6.2.2. 

. _ (1 - w 2 /w 1 )(l -p hV+1 w 2 /w 1 ) 

Proof. Note that uj V07Vo (w) = J2ten wt 9o(t) ■ Multiplying both sides of ( |6.2.1| ) by w t 
(w := W2/W1) and summing over non-negative t we get 

i-( P 2 -/ v V-/ v+ V)E^o(t) = 

l-(l+p hV+1 )w+p hV+1 w 2 , 
from which the result follows. □ 

Hence 

w«o ,„ (w 2 /wi ) ( -p hV+2 w 2 /wi ; p 2hV )oo(w 2 /w 1 ; p 2hV ) oo 



<f>v ,v (w 2 /w 1 ) (p 2 w 2 /wi,p 2hW ) 00 (-p hV w 2 /wi,p 2K 1 



in agreement with (6.1.1). 
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6.3. Type Recall that we have two ground state sequences (ft = 0, 1) 



b° 



and 

A, 



b K for m G 2Z, 
z K b- K formG2Z + l, 



(1 - ft)A n + k(Ai - f <f) for m G 2Z, 
(1 - ft)A„ + k(Ao - ^5) for m G 2Z + 1. 



From |pO|| , (up to a factor of a constant power in w 2 /wi) we have in our nota- 



tion (|4.5.5|) 



= (i+/ v+ W^i)^° 

(p 2h v + 2 w 2 / ty 1 ; p 2/l v ) oo (p 3feV w 2 /w 1 ;p 2h ' / ) c 



x 



(p hV+2 w 2 /wi,p 2hV ) 00 (p 2hW w 2 /wi,p 2hV ) c 



By a diagram automorphism, it is sufficient just to consider the case when m is 
even. Let m G 2Z. Define 

ffi (t) : = (m - A z"'?)^ A |m + 1) (j G J; t G Z). 

Note that <?_ K (0) = 1, <?_j(-ft) = (j G [l,n]) and g 3 {t) = (j G J; t G Z <0 ). 

Proposition 6.3.1. g~ K {t) satisfies the following recurrence relation 

g- K (t) - (p 2 - P hV )g~ K (t - 1) - / v+ V K (t - 2) = 

*t,o - (1 - S Kj0P hV+1 )S t>1 - 5 K ,o/ V+1 5 t , 2 . (6.3.1) 

Proof. The proof is like the proof of Proposition |6.2.1| for type , but using 

A : = (Z(t, 1 + «) + p 1+hVs "'°Z(t + ft - 1, 1 + ft))C 0)0 



+ [2]Z(t - 1, ft)((- P )"C 1 ,_ 1 + (1 - p 2 ) , 

3=2 

n 

+ [2}p- hVs ^ ((1 - p 2 )Z(t + ft - 1, 1 + ft) 
+ (-p) n Z(t + K,2 + «;)C_ 1 , 



□ 



The two point function of Fock intertwiners Q4.5.4 ) is given by 

Corollary 6.3.2. Let m G 2Z. 

( , , _ (1 -w 2 /w x )(l +p hW+1 w 2 /w 1 ) 5 «- 
W ^ 1 '*^ M) " (l-p 2 ^i)(l-^2M) ' 

5G 



Proof. Note that u v ° _ ^(w) = Y.tem wt 9-n(t). Multiplying both sides of (6.3.1) 
by w l (w := W2/W1) and summing over non- negative t we get 



(1 - (p 2 - P *> -/ v +w) $>v_«(*) 



1 - (1 - ^aP* + > - ^aP* + W 
from which the result follows. □ 

Hence 

w^^^M) (p hV+2 w 2 /w 1 ;p 2hV ) 00 (w 2 /w 1 ;p 2hV ) 00 



in agreement with (6.1.1). 

6.4. Type A^-i- Recall that we have 

'&! for m G 2Z, , , f Ai - ^5 for m G 2Z, 

0™ = < and A m = < , 

for m G 2Z + 1 , 1 A - ^5 for m G 2Z + 1 



From [p0| , (up to a factor of a constant power in w 2 /wi) we have in our nota- 
tion (|4.5.5|) 



(? 2ftV+2 w 2 /wi;g 2/lV ) 00 (-g 3/lV K; 2 /wi;g 2/lV ) 00 

</V — 7-7—5 jjr-rjT j-TTy " 5^77 . 

m_1 (-g ft +2 w 2 /w 1 ;q 2tl )oo{q w 2 /w 1 ; q m ) OQ 

By a diagram automorphism it is sufficient just to consider the case when m is 
even. Let m G 2Z. Define 

gj (t) := (m - l\z t+1 Vj A z^V-j A |m + 1) (j G J; t G Z). 

Note that </_ x (0) = 1 and g^t) = (j G J; t G Z <0 ). 

Proposition 6.4.1. g~i(t) satisfies the following recurrence relation 

9-i{t) ~ {q 2 - ?*Vi(* - 1) - Q hV+2 9-i(t - 2) = 6 t , - 5 t) i- (6.4.1) 
Proof. The proof is like the proof of Proposition |6.2.1| , but using 

A t :=Z{t,l){z®z)C- ltl 

n 

+ Z(t,2)(l-g 2 )E(-gr 1 C^ J 
i=2 



11 

Z(t - 1, 1)^ (C7 1( _ a + (1 - g 2 ) E(-?) 1- ^: 



J'=2 



□ 



The two point function of Fock intertwiners ( 4.5.4 ) is given by 
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Corollary 6.4.2. Let m G 2Z. 



/ / \ (1 - w 2 /wi) 

^x,t*(«*M) - {1 _ q 2 W2/wi){1 + qh v W2/wi y 



Proof. Note that w« o _ 1 ,rj^(w) = J2tm wt 9-i(t)- Multiplying both sides of (6.4.1) 
by w l (w := w 2 /w{) and summing over non-negative t we get 

(l - (q 2 - q hV )w - q hV+ W) £ »ViW = 1 " w, 

teN 

from which the result follows. □ 
Hence 



2h v \ 
Joo 



u rn, — l>rn 



.KM) (q 2 w 2 /wi, q 2hV )oo(-q hV w 2 /w 1 ; q 2 ^)^ ' 
in agreement with (6.1.1). 

6.5. Type -D^ 1 - 1 . Recall that we have two ground state sequences (k = 0, 1) 

6n<5 K , +i<5 K ,i for m G 2Z, 
z K 6„«5 K >0 _ia K (1 for m G 2Z + 1, 

From [P0|| , (up to a factor of a constant power in w 2 /w\) we have in our nota- 
tion (|4.5.5|) 



b° 



_ (q 2h +2 w 2 /wi,q 2h )oo(q 3h w 2 /w 1 ;q 2h )oq 
- (^+2 W2 / Wl ;g2^ )oo(g 2/ l v W2/wi;g2ft v )oo ■ 

By diagram automorphisms, it is sufficient just to consider the case when k = 
and m is odd. Let k = and m G 2Z + 1. Define 

gj(t) := (m - l\z l Vj A z^V-j A \m + 1) (j G J; £ G Z). 

Note that #„(0) = 1, flf-^(O) = (j G [l,n]) and #,•(*) = (j G J; t G Z <0 ). 

Proposition 6.5.1. g n (t) satisfies the following recurrence relation 

9n(t) - (q 2 - q hV )g n (t - 1) - g" V+ V(t - 2) = 5 t;0 - 6t tl . (6.5.1) 
Proof. The proof is like the proof of Proposition p.2.1| , but using 
At := Z(t, l)C n ,_ n - q hV Z(t - 1, l)C_„, n 

n-l 

+ Z(t - 1,0) (Hz)"- 1 ^ + (1 - g 2 ) E(-?)" -iC, i,-i 
-(-q) n - 1 (Z(t-l,0)(z®z)C- 1>1 

n-l 



+ (l- q 2 )Z(t-l,l)j:(-q) j - 1 C- j , j ). 

i=2 



□ 
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The two point function of Fock intertwiners ( [4.5.4 ) is given by 
Corollary 6.5.2. Let m G 2Z + 1. 

, / \ (l-w 2 /w 1 ) 

^,<> 2 M) - { i. q 2 W2 / Wl){l _ q ^ W2 , Wl y 

Proof. Note that = J2tm w t g n {t). Multiplying both sides of (6.5.1) by 

w f (w := W2/W1) and summing over non- negative t we get 

(l - (q 2 - q hV )w - q hV+2 w 2 )j2w k 9n (t) = l-w, 

ten 

from which the result follows. □ 
Hence 

"v^v^/wi) {q hW+2 w 2 / Wl - q 2hV )oc{w 2 /w l ; q 2 ^)^ 



^-1.^(^2/^1) (q 2 w 2 /wi, q 2hW )oo{.q hW w 2 /w l ]q 2hV ) O0 ' 
in agreement with (6.1.1). 

(2) 

6.6. Type This type is somewhat special because of the fact that V a g is 

not irreducible. The dual Coxeter number is h v = In. We define p = q 2 and 

6 - v ■ 

Recall that we have two ground state sequences (k = 0, </>) 

,0 -m-L 

By a diagram automorphism, it is sufficient just to consider one of the two cases 
k G {0, 0}. We choose n = 0. 

The boson commutator 7 m = [B m , -B_ m ] is given as follows: 



Proposition 6.6.1. 



■ m n o m L< for m G 2Z, 
7m = { (i-2p»-f») ' ' ( 6 . 6 .r 

m /or m G 2Z + 1 . 



This corresponds to the following boson two point function 
«(«) = (!-») KV;e)oo(pV;fl , ■ 



/ 5C 



From Appendix we have 
Lemma 6.6.2. Let w = w 2 jw\. 



Xwi/wi) = (1+K w)- 



(ev ; e 4 )oob 2 e 2 » 2 ;e 4 )oo 

It is sufficient just to consider just the case m = 0. Define 

0j .(t) : = A z^v-j A |1) (j G J;te Z). 

Note that o (0) = 1, o_,(0) = (j G [l,n]) and - (j G J; t G Z <0 ). 
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Proposition 6.6.3. go(t) satisfies the following recurrence relation 

00(f) - (p 2 + e)go(t - 2) + P 2 ego(t - 4) = 

St,o-S t ,i+ P eSt,2-pC%3- (6.6.3) 
Proof. The proof is like the proof of Proposition |6.2.1| , but using 

At :={z{t, l){z ® z) +p hV+1 Z(t - 1, 3))C ,o 
+ Z(t - 1, l)[2}(-q(-p) n (z <g> z)Cm 

n 

+ (i-P 2 )£(-p) n+1 ~ ic i--; 

3=1 



3=1 



The two point function of Fock intertwiners ( |4.5.4 ) is given by 
Corollary 6.6.4. 

(1 -w 2 /w 1 )(l+pZ 2 (w 2 /w 1 ) 2 ) 



□ 



(w 2 /wi) 



(i-p 2 KM) 2 )(i-e 2 (w 2 M) 2 )' 

Proof. Note that ui ZVO)Vo {w) = J2ten wt 9o(t) ■ Multiplying both sides of ( |6.6.3|) by 
w 1 (w := w 2 /wi) and summing over non- negative t we get 



(l - (p 2 + i 2 )w 2 - p 2 i 2 w A ) w k g (t) = l-w + pi 2 w 2 - p£ 2 w s 



-2 3 

lu goyu) — J. — w t yq w — pc "" 

ten 

from which the result follows. □ 



Finally we have = (6.6.2), which proves Proposition |6.6.T 



Remark. It is possible to work in an irreducible component of Vgg, say V^ en = 
V ®€[z 2 , z~ 2 ] +v (t> <S> zC[z 2 , z~ 2 }. On V^ en ® Kf en the energy function takes only 
even values. The condition H{b° m ®b° m+l ) = 1 for a ground state sequence {b° m } me z 
should then be replaced by H{b° m ® b° m+1 ) = 2 for all m G Z. 

The ground state sequence in B^ en is given by b° m = b for all m G Z. The Fock 
two-point function can be shown to be given by 

(i-w 2 )(i +P ew 2 ) (6 6 4) 



(1-(V)(1- P V)' 

where w = Wi/w 2 . Comparing with Lemma |6.6.2| , we find that 7 m is now given by 
the same formula as in Theorem |6. 1.2 



1 + £ 2m 

= m Y~p^- (6 - 6 ' 5) 



GO 



7. Higher level examples: level k 
7.1. Cartan datum. / = {0, 1}. The Dynkin diagram for is 



We have 

5 = a$ + a \) 

c = ho + hx, 

(ai,ai) = 2 (iel). 

7.2. Perfect crystal. Fix k E Z >0 . Let J : = [0, k]. Let V be the (k + 1)- 



dimensional [/'(A^)-module with the level fc perfect crystal _B := {bj}j e j with 



crystal graph: 

ill l 
b +± bi +± b 2 ^ ••• +± b k . 
oooo 

The elements of B have the following weights 

wt (bj) = (k/2-j) ai 

= (k-2j)(A 1 -A ) (jeJ). 

Let Vj := G(bj) (j E J). The action of U' q (A ( ^) on Vj E V obeys (5.1.1). 

7.3. Energy function. The energy function H has the following values on B®B 

H{pi (g) bj) = min(i, k — j) E J). 

Write H(i,j) for Hfc ® bj) E J). 

The Coxeter number of A^ is h = 2. We take 

l(z m bj) = 2m — j (me Z, j E J). 

H and / satisfy condition (L). Note that l(z m bj) = l(z m+l bj +2 ) (m E Z and j € 
[0, k — 2]), so I gives a partial ordering of B a g for k > 1. 

7.4. g-binomials. Define the g-binomial coefficient ™ (m, n e Z) by 

Hfm-ll-.fm-n+ll ;m > n > 
[n][n-l]-[l] — — 

: otherwise. 

We will often write sums involving g-binomial coefficients as sums over all integers. 
The advantage is that we can then freely change variables without worrying about 
the range of summation. The following result is widely used in the sequel: 

Lemma 7.4.1. (i) For any r\ E C(q) and n E Z >0; we have 



m 


-1 


n 





n-l 



(ii) The sum in (i) vanishes if i] = q m with m an integer lying in the range 
[—n + 1,71 — 1] 2 . Here [a, a + 2b} 2 means {a + 2i; < i < b}. 
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7.5. Wedge relations. Define the vectors C i: j E N e J) by 



a 



(z ® Oo ® w ) :i + j<k, 

Jk-i) Ak-j) 



: i + j > k. 



Explicitly, we have 



C 



J2i',j',a,b Q 



(k~j')(i'-b)+(k-i')a 



hJ 



i'(k-j'—b)+j'a 



k-j' 
b 



z a Vi' ® z b Vji : i' + f < k 



z Vi> Qg z Vjt 



J2i'J',a,b <T 

The summation in both cases is over i',f 6 J and a, b > with 



/ > k. 



(7.5.1) 



i' + f 
a + b 



i+j, 
H(i,j). 



Proposition 7.5.1. Identify C it j with C b .^-H(i,j) b .. Then {z m ® z m ■ C*,j} m eZ;i,jeJ 
with the function I satisfy condition (R) of subsection |Q| . 

7.6. Fock space. We have 

Brr, i v. B . 



(P+) fc = {jA$ + (k - j)Af} jeJ , 



with the bijections 



e{b 3 ) = (k-j)A$ + jAf, 
<p(bj) = jA$+(k-j)Af. 



Fix k E J and let k' — k — k. We have H(z~^ k - 2 ^b K <g> ^- £ ( fc - 2 )- K+1 6 K /) = #(6 K <g> 
6*0 - « + 1 = 1. H(z- £< - k ~^- K+1 b K/ ® ^ +1 )( fc - 2 )& K ) = 1 and so the following is a 
ground state sequence (£ G Z) 



with 

. I kA + k'Ai : if m is odd, 
cl(A m ) = < . 

I k Ao + kAi : it m is even. 

With = G(6^), the vacuum vector of T m is 

\m) =v° m A v° m+1 A t»^ +2 A 

with weight A m . 

02 



(7.6.1) 



7.7. Two point functions. A priori 7„ = [B n ,B_ n ] may depend on the choice 
of k. However, we find that it is independent of k. 
Theorem 7.7.1. 

1 - q An 



ln = n 



I — g2n _ q4n _|_ g2(fe+l)n ' 



The theorem follows by applying Proposition [4.5.2| to Proposition [7.7.2| and 
Corollary |7.7.4| below. 
From [|L1JMJN'11| we have 

Proposition 7.7.2. 



V v° (w) 

u 2l-l' u 2i y 1 



M+2 



K 




V 


V_ 




P. 



(q 4 w; g 4 )oo p=0 
where w = w 2 /wi. 

Without loss of generality, we can choose I = 0. Define 

g K (t) := A z- t+1 ~ K v Rl A | + 1) (t G Z;j 6 J). 

Note that g K (t) = S tt o for t G Z< by Theorem |4.2.5| . 
Proposition 7.7.3. g K (t) satisfies the following recurrence relation 



g K (t -a) - (q 



K 




~K'~ 


+ (/ +2 f * 


ft 






t 




t 


t - 1 




t- 1 



= 
(7.7.1) 



Corollary 7.7.4. 



nj=i(i - g 2 ^) ^ 



E(* 









P. 




.P. 



where w = w^/wi. 
Proof. We have 



w 2 V 



(7.7.2) 



Multiply both sides of (7.7.1) by w l and sum over all t > 0. After relabelling of i 
and using (7.7.2) we obtain 



kV^gH E (-9 



Jfc+i 



oo , 

;i-™)£(V + y) 



i=0 



(7.7.3) 



From Lemma |7.4.1| (i) we have 



E("9 



Jfe+l 



11(1 



thereby proving the result. 



□ 
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Only Proposition |7.7.3| remains to be proved. 



7.8. Proof of recurrence relation. Let Z(t,d) be the operator defined in § 6.1 

Z(t, d) = z t ® z d ~ l + S(2t > d)z d - t ®z t - 5(2t < d)z t <g> z 4 ' 1 (t, deZ). 
For t 6 Z, define 

i k — i 
7 k — 7 



7£Z 



Z(t - 7, -i + «' + 1)C, 



fc— i,'. 



We split the proof into three parts. Define 

Z {1 \t,d) : 



= -z* ^z d ~ t 5(2t < d), 
Z i3 \t,d) = z d - t ®z t 5(2t> d). 



(7.8.1) 



Then Z(t,d) = + Z^(t,d) + Z^(t,d). Let Define Af (i G {1,2,3}) by 

replacing Z by Z® in the definition of A t . Then A = A? + -4| 2) + Af\ We will 



deal with each A? separately. Note that Af & N (i e {1, 2, 3}), only A e iV. 
7.8.1. .Aj; . From (7.5.1) we obtain 



Cfc- 



E<? 



,j 2 -j(k+i)+k(k-b) 



k — i — b 



k-j 

b 



z h+i ~ k v k ^j <g> Z V,-. 



Substituting into (|7.8|) and performing a change of variable b — > 7 + fc — i — a, 
followed by i — ► i + 7 we obtain 



fc— i— k— 7 



27+fca+(i— i+7)(A— i) 



i,7,aSZ 
J6J 



X 



Q 
j 

a — 7 



i + 7 

7 



k — i — 7 
k — 7 



k-j 
k — i — a 



v r (7.8.2) 



Let us now argue that only the j = k — n terms contribute in the above sum. Recall 
that our convention for g-binomial coefficients implicitly defines for us the upper 
and lower limits of summation in formulae like At . For instance, the constraints 
on i are 



max (0, j — at) <i < min (fc — k, k — a) 



(7.8.3) 



Let us assume first that j < k — k — 1 . The strategy is to recast the sum over % 
in (7.8.2), more specifically, 



J 

a — 7 



EN 



i + 7 

7 



fc — i — 7 

K — 7 



k-j 
k — i — a 



(7.8.4) 
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into a form such that Lemma [T.4.1| applies. Consider the case j < a < k, so 
that according to (7.8.3) we have < i < k — k. By manipulating the g-binomial 
coefficients we obtain 



I; 



[k-j]W 



k—K 



[k — k]\[k — 7]![7]! 



E("9 



k — j — k — 1 



i=0 



k — K 

% 



i + 7 
j - a + 7 



A; — z — 7 
a — 7 



(7.8.5) 



Now treat the product of the last two g-binomial coefficients in Ij together with 



-q k i K 1 j as a polynomial in q % \ the powers of q % which appear can be seen to 
lie in the range [k — k — 1 — 2j, k — k — 1)2- In fact, due to the assumption on j 
the range is [1 — k + n,k — k — 1] 2 . Therefore Ij is a finite sum of sums for which 
Lemma [7.4. 1| (ii) applies and thus vanishes. 

For the other three remaining cases (a) j,K < a, (b) j, k > a and (c) j > a > k 
we use, respectively, the identities for If 



k—a 



[A; -«]![« -7]! [7]. ._ n 
k — i — 7 

K — 7 

[k-j]W 



E(-9 



k—j—K—l 



k — a 

i 



k—K 



[j — a + 7] ! [k — 7] ! [k — k — j + a] ! 



z + 7 
j - « + 7 



fe— j— re— 1 



X 
fc— a 

E 



A; — /t — j + a 
i — j + a 



i + 7 

k-j 

i — j + a 



t=j-a 

— i — 7 
a — 7 

i + 7 

7 



A; — z — 7 
k — 7 



In each case 7j vanishes by application of Lemma [7.4.1| (ii). 

We have proved that the sum over j < k — k in (7.8.2) vanishes. The sum over 
j > k — k vanishes for similar reasons. Keeping only the j = k — k term we arrive 
at 



E (-<?)^~ 7 Q 2y+ka 4-re 



(7.8.6) 



where Jfc_ K is given by (7.8.4). Once again, we have the constraint (7.8.3) and have 
to treat the four cases separately. We consider in detail only the case k — K,<a<n, 
using the form ( |7.8.5| ) for Ik- K - The other three cases are similar. We proceed as 
before but now find that the powers of q l lie in the range [— 1 — k + k, — 1 + A; — k] 2 . 
By Lemma [7.4. 1| (ii) only the term whose power of q % is — 1 — k + k survives. In 
other words, 



H 



E< 



k — K 
i 



g-(*+7)g-(*+7-l) . . . gk-i-T gk-i-y-l . . . 



\ fc— k— Q+7 



[k — k — a + 7] ! 



[a -7]! (q-q 



-l\k- 



G5 



Applying Lemma |7.4.1| (i) and simplifying we find 



k — k, 
a — 7 



Substituting into (7.8.6) we obtain 



A 



(i) 



E 



"9 



k+n+l 



a— 7 



We now note the identity 



E h k+K 

v9ez 



+i 



k — k 



+ 1 



k — k 
a — 7 



(7.8.7) 



n(i-? 



i=l 



2* 



which follows from the ubiquitous Lemma |7.4.1| , to perform the 7-sum in (7.8.7) 
with the result 



E (V 



fc+1 



7.8.2. . The only difference between .A^ and A^ is that the latter has a 
negative sign and an additional constraint 



i<~f-2t + k- K + l 
on the sum (denoted by prime) due to the definition of Z^: 



(7.8.8) 



A 



(2) 



z + 7 

7 



— % — 7 

K — 7 



X 



a — 7 



k-j 
k — i — a 



z*- a v k . 



-t+a—K+l 



Vj. (7.8.9) 



Furthermore we are now interested in dropping terms that annihilate the vacuum. 
Using Theorem 3.5 this means that we require 

H ( z -t+a- m (k-2)-K+l b . g, z - {m +l){k-2) b j 

= t - a + k - k + 1 + min(j, k - k) > 0. (7.8.10) 



Let us assume first that j > k — k. From ( |7.8.10| ) we need a — t < 0. Now from 
the last g-binomial in (7.8.9) and (7.8.8) we have 



j < i + a < (a - t) + (7 - 1) + k - k + 1. 



(7.8.11) 



Thus we have k — k < j < 7 — t + k — k + 1 and so 7 — t > 0. But this 
means 7 > t > a which contradicts the requirement 7 < a coming from the third 
g-binomial in (7.8.9). 



GO 



Next assume that j < k — k. From ( |7.8.10| ) we now need j > k — k + a — t and 
thus a — t < 0. But again we have (7.8.11), and so 

j < (a - 1) + (7 - t) + k - k < (7 - t) + k - k. 

Thus we have k — n + a — t < j < •y — t + k — n and so a < 7 which again contradicts 
7 < a. 

Hence we must have 



J 



K. 



(7.8.12) 

According to ( |7.8.10| ) we need a — t < 0. But again (7.8.11) is required, which 
leads to < (a — t) + (7 — t) < 7 — t. Therefore a < t < 7 which together with 
7 < a from the third g-binomial in (7.8.9) makes mandatory 



a — 7 = t. 



(7.8.13) 



This means that (7.8.8) can be rephrased as i < — t + k — k. But from the last 
g-binomial in (7.8.9), together with (7.8.12) and (7.8.13) we must have also 



i = — t + k — k. 

Substituting (7.8.12), (7.8.13) and (7.8.14) into (7.8.9) we arrive at 



(7.8.14) 



a: 



(2) 



fc+2 



K 




~K'~ 












t 




t 



-K+l 



7.8.3. Jif 1 . One argues in the same way that 







' k' ' 




t-1 




t- 1 





Vk-K + 



Let A£ denote the image of A t in V^. Adding the three parts together, the 



relation (— 1\A+ A |1) = gives us Proposition 7.7.3 



Appendix A. Perfect crystal 

Let V be an integrable finite-dimensional £/g(0)-module with a perfect crystal 
base (L, B) of level /. We assume that it has a lower global base (i.e. satisfies 
(G)). In PCMN1| , we proved that the " semi-infinite tensor product" B <g> B 



is isomorphic to the crystal base B(X) of the highest irreducible module, provided 
that the rank of g is greater than 2. In this appendix, we prove the same statement 



for any rank. In ||KMN1|| , the proof is combinatorial, and here it is by the use of 
a vertex operator. Let us take a ground state sequence (• • • , b° m) b° m+1) ■ ■ ■ ) in 
£> a ff. Set Vf. = G{b° k ). For an integral dominant weight A, we denote by ^(A) the 
irreducible ^(j^-module with highest weight A and highest weight vector u\, and 
by (l(A),£>(A)) its crystal base. 

Proposition A.l. B <g> B(\ m ) = 5(A m _i). 
This proposition implies the following result. 
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Proposition A. 2. 

B(\ m ) = {{b m , b m+ i, ■■■); b k e B aS , H(b k ® b k+1 ) = 1 for any k > m 

and b k = b° k for k ^> m}. 

The following lemma is proved in [pjQ|| . 

Lemma A.3. Horn Uq ( s )(V aS ® V(X m ), l/(A m _i)) = K. 

Let $ : Vas<S>V(X m ) — > V(\m~i) be a ?7 g (g)-linear homomorphism. We normalize 
it by 

Then the following lemma is also proved in |pjQ|| in the dual form. 

Lemma A.4. $(L afr ® A L(X m )) C L(A m _i). 

Let $ : (L aff <gu L(A m ))/g(L aff <g> A L(A m )) -> L(A m _i)/gL(A m _i) be the induced 
homomor phism . 

The following two lemmas are easily proved. 

Lemma A. 5. Let Mj be an integrable U q (g) -module, and (Lj,Bj) a crystal base 
of Mj for j = 1,2. Let if> : Mi — > Mi be a U q (o) -linear homomorphism sending 
Li to L 2 . Let if) : L\jqL\ — > L^jqL^ be the induced homomorphism. Set B = 
{b E Bx\^)(b) G B 2 } ■ Then B has a crystal structure such that i : B — > B\ and 
x/j : B —>■ B 2 are strict morphism of crystals. 

Here a strict morphism means a morphism commuting with and fi. 

Lemma A. 6. Let A be a dominant integral weight. Let B be a semi-regular crystal 
(i.e. Ei(b) = max{n G Z> \e^b ^ 0} and (fi(b) = max{n G %>o\fib ^ 0}/ We 
assume further that B is connected. 

(i) If if) : B(X) ^ B is a strict morphism such that if)(B(X)) C B, then if) is an 
isomorphism. 

(ii) IfiJ):B—* B(X) is a strict morphism such that if)(B) C B(X), then if) is an 
isomorphism. 

Let B' be the connected component of B aS ® B(X m ) containing <8> u Xm . 
Then <3> sends 5' to £?(A m _i). Hence £?' is a subcrystal of -B a fj <8> B(X m ), and 
Lemma A. 5 implies B' — ► -B a g ® B(X m ) and S' — ► S(A m _i) are strict morphisms. 
Moreover any 6 G -B' is not mapped to by the morphism I?' — > B(X m -i). Hence 
by Lemma [A.6| , 5' is isomorphic to S(A TO _i). Hence we obtain a strict morphism 
-B(A m _i) — > 5 aff (g) B(X m ). Composing it with B^ — > £>, we obtain a strict 
morphism S(A m _i) — > £> (g> B(X m ). 



The following lemma is proved in [KMN1 



Lemma A. 7. B <g> B(X m ) is connected. 

Thus _B(A m _i) — > 5 ® B(X m ) is an isomorphism by Lemma |A.6| . 
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Appendix B. Serre relations 



Let U q (g) be the algebra associated to a symmetrizable Kac-Moody algebra with 
the same generators and the defining relations as the quantized universal enveloping 
algebra except the Serre relations. Let U q (g)i be its subalgebra generated by e^, 
and tf 1 . In this appendix, we prove the following proposition. 

Proposition B.l. Let M be a U q (g) -module. Assume that M is an integrable 
U q (g)i-module for every i. Then the action of U q (g) on M satisfies the Serre 
relations. 



Hence M has the structure of a ?7 g (g)-module. 

Let M and N be integrable {7 9 (^-modules. We endow the structure of U q (g)i- 
module on Horn (M, N) such that Horn (M, N) <S> M — > N is C/ ? (g)j-linear. Namely 
for x G U q (g)i with A(x) = xm®X(2), x acts on ip G Horn (M, N) by x^ipa(x^)). 

Recall that an element ip of Horn (M, N) is called locally C/ g (g)j-finite, if it is 
contained in an integrable [^(fj^-submodule. 

Lemma B.2. Let M and N be integrable U q (g)i-modules. Assume that a weight 
vector ij) G Horn (M, N) satisfies 

f™ +1 ip — for some n > 0. 
Then ip is locally U q (g)i-finite. 
Proof. Assume t%ij) = q™"ip. It is enough to show 

e?V = 0. (B.l) 

Here s = max(n — m + 1, 0). In order to see this, we may assume that M is finite- 
dimensional. Replacing iV with the U q (g) i-modnle generated by ip(M), we may 
assume that iV is also finite-dimensional. Hence Horn (M, N) is finite-dimensional 
and hence integrable. In this case it is a well-known fact that / l n+1 V' — implies 

(H). □ 



Proof of Proposition |B.1| . Let ad : U q (g) — > End (U q (g))) be a i7 9 (g) -module 
structure on U q (g) such that the multiplication U q (g) <E> M — > M is [/ g (g) g -linear. 
We have 

ad(ti)(a) = ^atr 1 (B.2) 
ad(ej)(a) = e^a — 1~ at^i (B-3) 
ad (/0(a) = [/^tr 1 (B.4) 

for a G U q (g). Let X : U q (g) — > End (M) be the homomorphism given by the 
£/g(g)-module structure on M. Let i 7^ j. Since [/i,ej] = 0, fiX(e,j) = 0. Since 
X(e-,) has weight (hi,aj) with respect to U q (g)i, the preceding lemma implies 

e\X{e 3 ) = 0, (B.5) 
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where 6=1 — (hi, <x,). On the other hand 



ejxfa) = X(ad(e»)e, 



x (E(-i) fc <? 

\fc=0 

xiizi-i? 



k-k(b~k) 



e i e j(ti e i) 



\k=0 



4 V* 



This along with (|B.5|) gives the Serre relation 



x(i:(-i) 

\k=0 



e i e j e i 



0. 



By applying the automorphism e« h- > fa, i — >• q h i— > g h (h E P*) of U q (g,), we 
obtain the other Serre relations 



\k=0 L J j / 



Appendix C. Two-point function for D (2) 



In this appendix we will sketch the calculation for level 1 -D„+i, of the two- 
point function ty(z 1 /z 2 ) = (A n \^l V2 (z 2 )^ J t n Vl (z 1 )\A n ), for the intertwiner $£ v (z) : 
V(A) — ► <8> 14, by solving the corresponding q-KZ equation it must satisfy. 
The corresponding calculations for the other cases in this paper have been done 
in [|IIJMNT|| and |P0|| . For the theoretical background the appendix in flUMNT 



should be consulted. To conform with their conventions, we will use here the upper 
global base and corresponding coproduct A + , in contrast to the main text of this 
paper. 

Recall the total order y- on the index set J defined in (5.7.1). Extend the natural 
definition of minus on J \ {</>} to all of J by defining —<f) = <fi. Let 

3 = 3, -J = 2n + 1 - j, j = 1, . . . , n 

= n, (ft = 2n. 

Denote, as usual, by Ej k the matrix acting on {vj}j E j as Ej k Vi = SkiVj- The 
R-matrix R(z) with normalization R(z)v\ ® V\ — V\ Cg) V\ is then given by 

R(z) = E En ® E u + f {1 _ ~f) E E U ®E 3J 

+ a~( z i ) ( E z^E l0 ®E ]t + z 2 E z~^E l0 ®E ]t ) 

+ E a ij( Z ) E ij ® E-i-j 
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where 



01 ij 



aij{z) 



1 


: if % = (f) or j - 


= 0, 











: otherwise, 










(1 




) + Si, 




g 2 )(g 2 + ^ 2 )(l-£ 2 z 2 ) 


■i = 3, 


(1 


— g 4 ) jz a ^ (z 2 — 


l)Sij[ 




- ? +Vi(i-ev)} 


■ i >- j, 


(1 


-q i )z 2 {i 2 z- a ^ 


(z 2 - 


!)%(■ 


-q 2 )^ + 5^ 3 {l-ez 2 )} 





and 

Si* = pj s s n ^) (* ^ °)> s <t>i = [ 2 ] s s n 0') C? °)> 

«O0 = = -1, s i: j = sgn(i) sgn(j) (i, j 7^ 0, 0). 

Also we have £ 2 = q in . The expression for R(z) is given in |J| in a different basis. 

Let {v*}j(zj be the canonical dual basis of the upper global base. The following 
isomorphism of U q (g) -modules 

C:V 6 -i t — > (v z y a 

Vj ^ sgnO") (-qy-htj O'eJ/{O,0}) 

gives rise to crossing-symmetry for the R-matrix 

(R-^z))' 1 = /3(z)(C ® l)^^- 1 )^ ® I)" 1 , (C.l) 

with 

^W-? (l_ g -4n^2 )(l _ ? - %2) - 

The image _R + (21/22) = 7r i4 1 <8> Tr^i (^-') of the modified universal R-matrix VJ also 
satisfies (C.l) with z = 21/22 and j3{z) = 1. Therefore we have 

R+(z) = -2 (gV; e 4 )oo(e 2 ^ 2 ; e 4 )L(^ 4 eV; e 4 )oo ^ , 

U g (^ 2 ;e)oo(g- 4 ^ 2 ;e)oo(g 4 e^ 2 ;e)oo(^ 2 ;e)oo 1 J ' 

The two-point function satisfies the q-KZ equation 

V(q 2 ( hV+k h) = R + {q 2{hW+k) z)(q~^ ® (C.3) 
where = 1 is the level and = 2A^ + 2p cl and, as a consequence, also 

K Z1 ® ir Vz2 )A'( ei y h ^ +1 y(z) = 0, wt = 0. (C.4) 
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It can be shown that 

w(z) = (1 + z 2 q 2 £ 2 )v ®v + q[2](-q 2 ) n zv <j> ®v (t> - 

n 

Q E(-<? 2 ) n ">* ® v-i + z 2 q M ~ 2 v^ Vi ) (C.5) 
solves (C.4) and satisfies 

R(fez)( q -* e l)„ W = ^ jV^jfrff) "^)- (C6) 

Letting ^f(z) = <f>(z)w(z) and substituting (C.6) into (C.3) one gets a scalar in- 
difference equation for <p(z) which can be solved to obtain the final result 

V(z) = (^ 4 ^ 2; £ 4 )°°(£ 6 * 2 i j)sE. w ( z ) (C 7) 



Appendix D. The limit q —> 1 for the U q (A%l) Fock space 
In this appendix we will show how to recover the known classical (i.e. at q = 1) 

(2) 

Fock space .Fdam f° r 9 — ^2n & t level 1- This involves reduction of the Fock space T 
defined for generic q by means of an invariant inner product on T . To facilitate the 
discussion we shall make a transcription from the semi-infinite wedge description 
of T to one involving Young diagrams or, synonymously, partitions (the so-called 
"combinatorial description"). 
Define the following subspace of Kfr : 

= z^Qiz- 1 ] ® V © Q(v-i, . . . ,v- n ,v Q ). (D.l) 

In any normally ordered pure wedge in T it is clear that only bases in V^g appear as 
components. Recall the single- valued function I on B a g in (|5.3.3 ). To the normally 



ordered pure wedge u = G(u\) A G{u2j A ■ • • A G(v,k) A v A v A • ■ ■ let us associate 
the sequence Y(u) = [—l(ui), — l(u 2 ), ■ ■ ■ , — Z(it&),0, 0, . . .], whose tail of zeroes we 
shall ignore. Now, — / takes non-negative values on Vjj. Also, the sequence Y(u) 
is non-increasing because of the normal-ordering rules. Furthermore, the only 
integers allowed to repeat belong to hN, where h = 2n + 1, because of the rule 
Vi A Vi = if % ^ 0. Thereby we have the identification 

F~Q(q){Y) Ye v Ph , (D.2) 

where DP& is the set of Young diagrams whose rows are allowed to repeat only if 
their length is mod k. In this notation, DPqo is the set of Young diagrams with 
no repeating rows, i.e., the set of Distinct Partitions. 

The action of U q (g) on T can be transcribed to the Young diagram setting. 
The generators ti act diagonally, of course, while fa (respectively e$) act by adding 
(removing) one box in the following manner. Let the Young diagram Y be denoted 
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by [yi, . . . ,y m ]. For y G Z >0 , let ay(y) denote the number of occurences of y in 
Y. Define the functions $ for i = 0, 1, . . . , n by 



A(2/) 



±4 :yehZ±n 
: otherwise 



±2 




y G /iZ =F n ± (i - V 
y G /iZ =F n ± i 
otherwise 



(i = 1,.. . ,n - 1) 



±2 : y G /iZ =F 1 
: otherwise 



Then the action of U q (g) on Y is given explicitly by 
q^>^ iM [ Vl ,... ,y k + l,... ,y m 



fi-Y 

fn-Y 



(i ^ n) 



y k £hN+n±i 



£ q ^>^ +1 [ yi ,...,y k + l,...,y ri 



y k £hN-l 



+ E g^ ftte)+1 (l-(-g 2 r^) h/i + 



y k ehN 
Uk-l^Vh+ltVk 



+ S(y m ^ l)[yi,... ,y m ,l] 



e,-Y 



e n -Y 



E 



[yi 



E <f E '<* A(w) foi,--- • 



yk - 1, 



2/« 



(i ^ ra) 



Vk+i^Vk-l 



+ E 



y k -l,... ,y m ] 

g -E J<fc ftfe)-l (i _ (.^(w)) //; ,- 1 y m ] 



Note that all Young diagrams appearing on the right-hand side belong to DP^. In 
other words, the corresponding pure wedges are already normally ordered. The 
factors {l — (—q 2 } aY (yk)^ come from normal ordering and summing up Young di- 
agrams which arise when Y has repeated rows. Note also that the vacuum vector 
is the empty Young diagram and /„ • = [1]. This combinatorial description is 
in the same spirit as that for U q (A^>) given in ||MM . 



Let us now introduce an inner product ( , ) on T . We shall require that the 
normally ordered pure wedges, or equivalently Young diagrams in DP^, form an 
orthogonal basis with respect to ( , ). We shall also require that with respect to 
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( , ) the adjoints of the generators satisfy 

fi Qi &i tii 

&i Q.i fi t% i 

t f = t- 

These conditions are natural for a f/ g (g)-module V because then on the module 
V (g> V with induced inner product given by {v\ ® t>2, U\ <8> 1*2) = (vi, Wi)(i>2> U2) we 
have A(fiY = ^A(ei)A(tj), etc. Using the explicit description of the U q (g) action 
on T one can show that the squared norm of an arbitrary Young diagram Y in 
DP ft is given by 

a Y (y) 

\\y\\ 2 = (y,y) = n n (i-(-? 2 r)- ( D - 3 ) 

From calculations for small we conjecture that the boson operators satisfy 

Bl k = B k . 

As at the end of j |4.3| , we denote by the Q[g, g _1 ]-vector space generated by 
the pure wedges. Set T\ = T^-/ (q — 1)^. Then the action of U q (g) on T induces 
an action of U q (g) on T\. The inner product ( , ) on T^- induces a Q- valued inner 
product on T\, which we also denote by ( , ). The adjoint of operators in q is then 
given by ef = fi, f\ = ej and h\ = hi. Define the subspace JF = {u G T\ : (it, J^i) = 
0}. The reduced Fock space jF rcd = TxjT^ is a £/(g)-module. From (D.3) we note 
that JF is the Q-span of Young diagrams with some repeated rows. It follows that 
J- Te< i is the Q-span of Young diagrams in DP^. This is isomorphic to the well-known 
classical Fock space .Fciass — Q[ x fc]fceN odd ||KKLW| , P )IKM| . In fact, the action of 



the generators on jF red and at q — 1 reduces to a known classical action ||J Y | . 
Furthermore we recover the known decomposition of JF class ~ Q[^fc]fceN odd \AN ® 
Q[^hfc]fceN odd as a U(q) ® Q[if_] -module. Here we identify bosons Xhk ~ for 
k G N dd- The even boson commutators 7^ for k G N even have a pole at q — 1. 
After appropriately rescaling we find that such act as on jF rcd at g = 1. 

In most of the cases considered in this paper, the boson commutator 7^ has 
a pole at q = 1 for some fc. We take this to indicate that similar Fock space 
reductions to the one considered in this Appendix are necessary to recover any 
known classical Fock spaces. 
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